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Abstract 

In this paper we construct symmetric powers in the motivic homotopy categories 
of morphisms and finite correspondences associated with /-admissible subcategories in 
the categories of schemes of finite type over a field. Using this construction we provide a 
description of the motivic Eilenberg-MacLane spaces representing motivic cohomology 
on some /-admissible categories including the category of semi-normal quasi-projective 
schemes and, over fields which admit resolution of singularities, on some admissible sub- 
categories including the category of smooth schemes. This description is then used to 
give a complete computation of the algebra of bistable motivic cohomological opera- 
tions on smooth schemes over fields of characteristic zero and to obtain partial results 
on unstable operations which are required for the proof of the Bloch-Kato conjecture. 
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Introduction 



In this paper we analyze the structure of the motivic Eilenberg-MacLane spaces K{A,p, q)c 
for p > q. From the perspective of the general motivic homotopy theory its most important 
result is Theorem 13.491 which asserts that for a field k of characteristic zero the algebra of 
all bistable operations in the motivic cohomology on A°P{Sm/k)'^ with coefficients in Z/Z 
coincides with the motivic Steenrod algebra A*'*{k, Z/Z) which was introduced in [34J. From 
the point of view of the proof of the Bloch-Kato conjecture which requires information about 
the unstable operations its most important results are Theorems \2.76\ 13.251 and 13.321 

The definition of motivic Eilenberg-MacLane spaces appears only in the third part of the 
paper (Section [3]) after a number of techniques necessary for our analysis of these spaces has 
been developed. Following the general outline of the paper we start the introduction with 
the description of the results of the first two parts (Sections [Hand [2]). 

Let us fix a field k. Let c{k) = 1 if char{k) = and c{k) = char{k) if char{k) > 0. The 
number c{k) is sometimes known as the "characteristic exponent" of k. A full subcategory 
C of Sch/k such that 

1. Spec{k) and are in C 

2. for X and Y in C the product X x y is in C 

3. if X is in C and U X is etale then U is in C 

4. for X and Y in C the coproduct X LI F is in C 

will be called admissible. If in addition C is closed under the formation of quotients with 
respect to actions of finite groups it will be called /-admissible. The category Sm/k of 
smooth schemes over k is essentially the smallest admissible C since for any smooth X and 
any admissible C there exists a Zariski covering {Ui — )■ X} with Ui G C. Unfortunately, 
Sm/k is not /-admissible. There are two reasons for this. One is that the quotients may not 
exist for actions on smooth schemes which are not quasi-projective. This is easily resolved 
by considering the category of smooth quasi-projective schemes which is also admissible and 
whose category of sheaves in any topology which is at least as strong as the Zariski one, is 
equivalent to the category of sheaves on the whole Sm/k. Another one is that a quotient of 
a smooth scheme with respect to a finite group action need not be smooth. This is the main 
reason why we have to consider non-smooth schemes and one of the key sources of technical 
complexity of the paper. 

For an admissible C let C+ be the full subcategory of the category of pointed objects in 
C which consists of objects pointed by a disjoint base point, and Cor{C, R) the cate- 
gory of finite correspondences over C. In our computations we will have to consider the 
(Ais, A^)-homotopy categories H^is ji^i{C), HNig j^i{C+) and H^ig j^i{Cor{C,R)) of C, C+ 
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and Cor{C,R) respectively. To have a uniform treatment of these three cases we use the 
formahsm of radditive functors developed in [3S] and summarized in Appendix 14.31 A rad- 
ditive functor on a category D with finite coproducts is a presheaf of sets on this category 
which takes finite coproducts to products. The category Rad{D) of radditive functors on 
a small category D is complete and cocomplete-complete with a set of compact generators 
and the category of simplicial radditive functors A°^Rad{D) on any D provides a convenient 
environment for the homotopy theory. In our context, the category Rad{C^) is equivalent 
to the category Rad{C), of pointed objects in Rad{C) and Rad{Cor{C, R)) is equivalent to 
the category of presheaves with transfers of i?-modules on C which allows us to treat the 
cases of non-pointed, pointed and "transfer enriched" homotopy theories as particular cases 
of the homotopy theory of simplicial radditive functors. 

The categories Hpfis,A^ (C), -ffiVis,Ai and H^ig j>^i {Cor{C, R)) are obtained by the applica- 
tion of the standard localization constructions to the simplicial objects in Rad{C), Rad{C^) 
and Rad{Cor{C, R)) respectively. The category H]\fis^A^{C) comes out to be equivalent 
to the non-pointed homotopy category of the site with interval (Cnis,-^^) and the cate- 
gory HNis,A^{C+) to the pointed homotopy category of (CNis,-^^) (see [ISj). The category 
Hms,A^{Cor{C, R)) is the (A^is, A^)-homotopy category of the category of finite correspon- 
dences on C with coefficients in R i.e. an unstable analog of the category DMj^-^ {C, R). 

For each C and R we get a pair of adjoint functors 

LA^ : H^^sMC+) ^ H^.sMCor{C,R)) 

AJ, : H^,s,A^{Cor{C,R)) ^ i^iVis,A^(C+) 

(see Theorem II. 7p . which are analogous to the pair which consists of the forgetting functor 
and the free i?-module functor connecting the homotopy categories of pointed simplicial sets 
and simplicial i?-modules. 

An inclusion of admissible categories i : C ^ D defines pairs of adjoint functors (Li^°''^,irad), 
(Li^^''-,irad,+) and (Li^r'^ , irad,tr) between the homotopy categories of each type for C and D. 
Corollary 11.201 asserts that the left adjoint of each pair is a full embedding i.e. H]siis^A^{C) 
is a full subcategory in Hp^is^i^D), etc. 

The left adjoints defined by i commute with LA^ and the right adjoints with A^. In an 
important addition to this elementary observation we prove in Theorem 11.211 that if k admits 
resolution of singularities and C C Sm/k then LA^ also commutes with the right adjoints 
defined by i. This result allows us to prove later Theorem 13.321 which is a key step on the 
way to Theorem 13.491 

In the second part of the paper we investigate the functors on the homotopy categories 
which are defined by the functors of generalized symmetric products on schemes. Let $ be 
a pair of the form (G, : G — )• Sn) where G is a group and an embedding of G to the 
symmetric group on n elements. Such a pair will be called a permutation group. If C is an 
/-admissible category then a permutation group defines two generalized symmetric product 
functors 5* : X+ ^ (A:"/0(G))+ and 5* : A:+ ^ (X+)"/0(G) from G+ to itself. 
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Using results of [3] we construct extensions of these functors to functors LS'^ and LS"^ from 
Hms,A^ (C+) to itself. In order to do it we use the following construction. For a small category 
with finite coproducts D let be the full subcategory of directed colimits of representable 
functors in Rad{D) i.e the formal completion of D with respect to directed (and therefore 
filtered) colimits. It is also known as the category of ind-objects over D (see e.g. [1, I 8.2.4, 
p.70]). The homotopy theory of simplicial radditive functors provides a construction of a 
canonical resolution functor : A°PRad{D) — )■ A°^Z}* and an assertion that the projection 
functor from A^^D* to any homotopy category H{D, E) associated with D by the "standard 
construction" is a localization. In particular, in order to extend a functor F : Di ^ D2 to 
a functor H{Di,Ei) — )■ H{D2,E2) it is sufficient to show that the obvious extension of F 
to a functor /S.°^D^ — i- /S.°^D2 takes -Ei-local equivalences to -E2-local equivalences. Note 
that this applies to all functors F including the ones which do not commute with finite 
coproducts. In the context oi D = C+ and F = 5* or F = S"* the required property of F 
with respect to [Nis, A^)-equivalences was proved in [3]. Moreover, it was shown there that 
for these functors the equivalence LF(X) = X holds not only for X G A°^(C+)* but also 
for a more general class of simplicial ind-solid sheaves, which includes the Nisnevich quotient 
sheaves X/U for open embeddings U (Z X. In particular, up to a Xzs-equi valence one has 

L^"(X/(X - Z)) = ^"(X/(X - Z)) = S"X/(5"X - S^'Z) 

where S"" = S^^"'^*^^ is the ordinary symmetric n-th power. 

In the next section we consider the extensions of 5** first to the categories Cor{C, R) and 
then to H]\ris^A^{Cor{C, R)). We prove that such extensions LS**, compatible via functors 
LA^ with exist provided that C is /-admissible and the "characteristic exponent" c{k) 
of k is invertible in the coefficient ring R. Along with the existence of LS** we prove a 
number of results which allow us in Theorem 12. 581 of the following section to give a complete 
computation of LS''^(L„) where I 7^ char{k) is a prime and L„ = LAp (T") is the "homology" 
of the motivic (2n, n)-sphere with coefficients in the finite field F;. 

In Section [2l4l we prove several relatively simple results about split proper Tate objects i.e. 
objects of Hj^is,A^{Cor{C, R)) which are isomorphic to (possibly infinite) direct sums of ob- 
jects of the form . Using these results together with the results of the preceding sections 
we prove that in case when the ring of coefficients is a field F of " allowed" characteristic the 
subcategory SPT of proper split Tate objects is closed under the formation of all ordinary 
symmetric powers LS^". In fact, the result proved in Theorem 12.761 is more precise and also 
provides a lower bound on the range of "weights" which may appear in the n-th symmetric 
power of a proper split Tate object of weight > q with coefficients in a field of characteristic I. 
This bound on the weight of summands was first observed, in a particular case, by C. Weibel 
in [U] and plays an important role in one of the key arguments of [37 \ . 

The next ingredient which goes into the proof of Theorem 13.251 and Theorem 13.491 are The- 
orem 13.71 and Proposition 13.111 which, when taken together, form a motivic analog of the 
Dold-Thom Theorem for connected CVT-complexes. The role of connectedness assumption 
is played in our context by "condition (Dl)" of Definition 13.101 which holds for a wide class 
of motivic spaces including the motivic Moore spaces constructed in the following section. 
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The combination of 13.71 and 13.111 implies that for spaces X satisfying condition (Dl) and 
an /-admissible C which is contained in the category of semi-normal schemes, there is a 
canonical isomorphism in i^Arjs,Ai(C'+) of the form 

A^^LA^(X) = L5-[l/c(A;)](X) (1) 

where S = Z[l/c(/c)] and LS'°°[l/c(/c)] is the homotopy colimit of the sequence of morphisms 
from LiS^ to itself defined by the multiplication by c{k) in the obvious abelian monoid 
structure of S°°. 

In Section 13.21 we finally define, in the context of a general admissible C, the motivic coho- 
mology functors and the motivic Eilenberg-MacLane spaces. We could have done it as soon 
as the categories Hi^is ji^i{Cor{C,R)) and functors LA^, A^j were defined but decided that 
it is better to give an informal definition here and delay the formal one until Section 13.21 

Let C be an admissible category. Consider the motivic spheres S} = (A^ — {0}, 1) and 
= {S})^'^ as radditive functors on (7+. Set 

l,,n = LA^(5f). 

It is the object of Hiyis^A^{Rad{Cor{C, R))) which represents the "homology" of the sphere 
S^. We will write Ig for Ig z- One defines the (reduced) motivic cohomology of X G 
A°PRad{C^) with coefficients in an abelian group A by the formula: 

r ffom^,^^^^,(Cor(c,z))(LA'zX, SP-'?(A®Lg) for p>q 
HZc{X,A) = \ ' (2) 

[ ifomH^^^^,(Cor(c,z))(SP"'^LA^X, A®L/g) for p<q 

Corollary II. 201 implies that for X G C and C G D one has 

HZciX,A)=H^jl^{X,A) 

i.e. that the groups defined by ([2]) depend only on X and not on the ambient category used 
in the definition. Because of this property we will often write H*'* instead of H^*q. 

If C C Sm/k and A; is a perfect field then Theorem 11.151 shows that 

H^'lciX, A) = ffom^,,.//(^2)(M(X), A(g)[p]) (3) 

i.e. for smooth schemes over a perfect field the definition given above agrees with the 
standard one which goes back to [40j. 

We use the subscript un to emphasize the fact that the motivic cohomology of general schemes 
as defined by ^ are not known to have suspension isomorphisms with respect to either of the 
two motivic suspensions. In particular, the equality ([3]) is not known to hold for non-smooth 
schemes since the right hand side of this equality automatically satisfies the suspension 
isomorphism for the simplicial suspension. Among many possible extensions of motivic 
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cohomology functors to non-smooth schemes the one defined by ([2]) is, to the best of my 
knowledge, the most basic and fundamental one in the sense that all other definitions can be 
obtained from this one by the imposition of additional properties such as stability or descent 
for special coverings. 

The motivic Eilenberg-MacLane space K{A,p, q)c is the object of H^ig^^i{C^) which repre- 
sents the motivic cohomology functor H^]^{—, A) on this category. The standard adjunctions 
show that for p > q one has 

K{A,p,q)c = A'z{^''-'{A®j^Q) (4) 

In Proposition 13. 2 II we prove that if A is a finitely generated abelian group and p > q, p > 0, 
then there exist well behaved (see below) spaces X{A,p,q) such that 

LA'zWAp,g)) = s^"'(^®Lg (5) 

Combining @ and we obtain the following expression for K{A,p, q)c in case when A is 
finitely generated, p > q and p > 0: 

KiA,p,q)c = AlLA'ziXiA,p,q)). (6) 

This expression is the key to all the computations with the motivic Eilenberg-MacLane 
spaces which are done in this paper. For p < g no similar description exists and because of 
that the theory of spaces K{A,p, q)c for p < g is very different from the theory for p > q. 
At the moment we know very little about the p < q case and what we do know suggests that 
the structure of the spaces K{A,p, q) and in particular of K(Q,p, q) for p < g and g > 2 is 
very complex (for a related discussion see [30]). 

However, even in the case p > q the spaces K{A,p,q)c themselves are very hard to study. 
For example, the standard adjunctions show that for an inclusion of admissible subcategories 
i : C ^ D one has 

W,+(^(^,P,g)D) = K{A,p,q)c 

but the adjoint equality Li^_^'^{K{A,p,q)c) = K{A,p,q)D is not known to hold, except in 
trivial cases, even under the resolution of singularities assumption, which creates one of the 
key technical complications in our theory. 

Fortunately, for any commutative ring R, all the information about the motivic cohomology 
of these spaces with coefficients in i?-modules, i.e. about the motivic cohomological opera- 
tions from H^'^{—, A) to the motivic cohomology with coefficients in i?- modules, is encoded 
in the objects 

M{A,p,q;R)c = LA'niKiA,p,q)c) 

which are much more tractable. Combining ([H]), (DO) and some technical arguments which 
allow us to consider S'-coefficients instead of Z-coefficients and S°° instead of S°°[l/c{k)] 
we prove our next main theorem (Theorem I3.25P which asserts that for an /-admissible 
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C, finitely generated S'-module A, p > q, p > and an S'-algebra R there are natural 
isomorphisms 

MiA,p,q; R)c = ©„>o5r,(S^-'^((A R) ®r 1,,r)) 

Together with the results of the first (Theorem 11.211) and the second (Theorem I2.76P parts 
of the paper, Theorem 13.251 leads to Theorem 13.321 and then to Corollary 13.331 

This corollary and a few elementary results about proper split Tate objects are the only 
results from the earlier parts of the paper which are needed for the proof of our main 
" stable" theorem (Theorem I3.49P which asserts that if is a field of characteristic zero then 
one has 

/^m„if*+2n,*+n(^(2//,2n,n)s™/;i,Z//) = X'*(fc,Z//) 
where A*'*{k, Z//) is the motivic Steenrod algebra defined in (34] . 

An analog of Theorem 13.491 should hold with Sm/k replaced by an /-admissible C which is 
contained in semi-normal schemes. The proof of such an analog would not require Theorem 
ll.21l and therefore it would apply to all perfect fields. Writing such a proof up would require 
two developments - to construct etale realization functors with properties similar to the 
topological realization constructed in Section 13.31 and to extend the results of [31] to T- 
stable version of motivic cohomology of non-smooth schemes. In order to directly extend 
Theorem 13.491 to all perfect fields following the strategy used in the present paper it would 
be sufficient to construct the etale analog of the topological realization and to prove that for 
a smooth scheme X with an action of a finite group G and a subgroup H G G, the map 

where i : Sm/k — )■ SN/k and [G : H]^^ G -R, is a split epimorphism. In the present approach 
this statement follows via Theorem 11.211 from the resolution of singularities but may be there 
is a more direct way of proving it. 

It took me thirteen years to write this paper and numerous people provided useful comments 
on its intermediate versions. I would especially like to thank Chuck Weibel who has helped 
me a lot as a source of both advice and willpower. I am also very grateful to one of the 
anonymous referees who not only suggested a great number of small improvements but also 
pointed out two places where the original arguments had to be substantially corrected. 
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1 Motivic homology and homotopy 



1.1 Main categories and functors 



Let k he a field and C an admissible subcategory in Sch/k. Since C has finite coproducts 
the constructions and results of Appendix 14.31 apply to C. The radditive functors on C can 
be identified with presheaves on the category of connected objects in C or alternatively with 
sheaves in the topology on C which is generated by coverings by connected components. In 
particular the class of projective equivalences in A°PRad{C) is closed under coproducts. Fix 
a set Co of representatives of isomorphism classes of objects in C. Consider the following 
two sets of morphisms in A°pC: 



1. The set G^is of generating Nisnevich equivalences is the set of morphisms of the form 
Kq — )■ X where Q is an upper distinguished square in Cq i.e. a pull-back square of the 
form 

B > Y 



(7) 



A 



-> X 



where p is etale, j is an open embedding, B = p '^{A), p: Y — B^X — Asm 
isomorphism and Kq is the object of A°^C given by the push-out square 



BUB 



AUY 



Q 



2. The set Ga^ of generating A ^-equivalences is the set of morphisms of the form X x 
^X for X in Cq. 



Define the {Nis, A^)-homotopy category of C setting: 

HNis,A^iC) = H{C, Gnis U GaO 

and similarly for HNis{C) and Hai{C). 



By [391 ] there is a natural equivalence 

where on the right hand side we have the homotopy category of the site with interval 
(Catis, A^) as defined in [16]. 
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Let ioyii : Spec{k) — )■ be the morphisms corresponding to the points and 1 of 
respectively. An elementary A^-homotopy between morphisms f,g:X-^Yin A°PRad{C) 
is a morphism h : X x — )■ Y such that h o [Id x io) = f and h o [Id x ii) = g. Two 
morphisms are called elementary A^-homotopic if there exists an elementary A^-homotopy 
between them. Two morphisms are called A^-homotopic if they are equivalent with respect 
to the equivalence relation generated by the relation of being elementary A^-homotopic. A 
morphism / : X — )■ F is called an A^-homotopy equivalence if there exists a morphism 
g : Y ^ X such that the compositions fog and go f are A^-homotopic to the corresponding 
identity morphisms. 

Proposition 1.1 The A^-homotopy equivalences belong to cIi{Ga.i). 

Proof: By [38, 2007satr] it is enough to show A^-homotopy equivalences become isomor- 
phisms after localization with respect to cIi{Ga.^). For any X the morphisms Idx x Iq and 
Idx X ii become equal in the localized category since they are both sections of the isomor- 
phism X X A^ —7- X. Therefore, after the localization any two A^-homotopic morphisms 
become equal. We conclude that an A^-homotopy equivalence / becomes an isomorphism 
since there exists g such that both compositions fog and gof are equal to the corresponding 
identities. 

Proposition 1.2 A morphism f in A°PRad{C) belongs to cli{G]\fis) if and only if it is a 
local equivalence in the Nisnevich topology as a morphism of presheaves. 

Proof: It follows easily from the Nisnevich variant of the Brown-Gersten theorem fl6\ 
Lemma 3.1.18, p. 101]. See also [3^. 

Lemma 1.3 The classes cli{GNis), cIi{Ga^), cli{GNis U CaO o,re closed under coproducts 
and finite direct products. 

Proof: The case of coproducts follows immediately from the fact that projective equivalences 
in A°PRad{G) are closed under coproducts. In the case of products let us consider for example 
the class ckiGNis U GaO- By Theorem 14.201 we have 

cliiGNis U GaO = cl-^{{GN^s U Idc) U (Gai n Idc) U Wproj) 

In particular c//(GArjs U GaO is A-closed. Since it is closed under compositions it is sufficient 
to show that for / : X -)■ F in cli{Gms U GaO and Z G A°PRad{C) one has f x Idz G 
cli^Gms U GaO- Since / x Idz = ^{g) where g is a morphism of bisimplicial objects 
whose rows are of the form f x Idp for some F in Rad{G) it is sufficient to show that 
f X Idp & cliiGNis U GaO for F G Rad{C). Applying the standard representable resolution 
functor of Proposition 14. 121 to F and using the fact that projective equivalences are closed 
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under direct products we reduce the problem to the case when F G C*. Using the fact that 
our class is closed under filtered colimits we further reduce it to the case F = X G C. 
The functor (— ) x X clearly takes A-closures to A-closures. It remains to verify that for 
/ G {GNis n Idc) U (Gai n Idc) U Wproj one has / x Idx e ckiGNis U GaO which is 
straightforward. 

Let C+ the category of disjointly pointed objects of C . As customary we write V for the 
coproduct in the pointed case. Since C+ has finite coproducts the constructions and results 
of Appendix 14.31 apply to C+. The radditive functors on C+ can be identified with pointed 
radditive functors on C. In particular the class of projective equivalences in A°'PRad{C+) is 
closed under coproducts. 

For X in C we write for X 11 Spec{k) considered as an object of C+. The functor (— )+ 
is left adjoint to the forgetting functor and in particular commutes with colimits. Define the 
{Nis, A^)-homotopy category of C+ setting: 

HNis,A'^{C+) = H{C+, {Gms U Gai)+) 
and similarly for H^islC) and H^i{C). 

By [391 ] there is a natural equivalence 

where on the right hand side we have the pointed homotopy category of the site with interval 
{Cp^is,A^) as defined in [l6j . 

Lemma 1.4 The classes di{{GNis)+) , c//((Gai)+) cli{{GNis U Gai)+) A°PRad{C-^) 
are closed under coproducts, direct products and smash products, 

Proof: The case of coproducts follows immediately from the fact that projective equivalences 
in A°'PRad{C+) are closed under coproducts. 

Smash products on Rad{C+) are defined as the radditive extension of the functor A : C+ x 
C+ — )■ C+ which takes (f/+, V^) to {U x V)+. One verifies easily that under the equivalence 
between Rad{C+) and the category of pointed presheaves on connected objects of C the 
smash product of radditive functors is given by the usual smash product of pointed presheaves 
(it is sufficient to verify this property for representable presheaves). This interpretation 
implies that smash products respect projective equivalences. Therefore by the same reasoning 
as in the proof of Lemma 11.31 it remains to verify that for / G {GNis 11 Idc)+ (resp. / G 
(Gai n Idc)+ and Z G G+ one has / A Idz G cli{{G]\fis)+) (resp. / A Idz G cZ;((Gai)+)) 
which is straightforward. 
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Proposition 1.5 The functor (— )+ : C — ^ C+ satisfies the conditions of Theorem \4-i6\ 
and Corollary \4 ■ 1 7^ 2 ) with respect to the pair of classes of morphisms {G^is, {G]\fis)^), 
(GaI) (G^Ai)+) ^'^^ {Gms U Gai, {G^is U Gai)+)- Therefore (— )+ defines adjoint pairs of 
functors between the corresponding homotopy categories and in each case the right adjoint 
functor reflects isomorphisms. 

Proof: Straightforward verification using the coproduct parts of Lemmas 11.31 and 11.41 

According to our general convention we should denote the functors between the homotopy 
categories which correspond to (— )+ by L(— )™'^ and R(— )+,rad- Using the interpretation 
of radditive functors on C+ as pointed radditive functors on C it is easy to see that the 
functor (— )™'^ takes a non-pointed radditive functor F to the radditive functor FJI Spec{k) 
pointed by the canonical morphism pt — > FUSpeclk). In particular, it respects all projective 
equivalences and therefore can be used instead of L(— )™'^. It also shows that we may use 
the notation (— )+ for (— )™'^ without any danger of confusion. 

Similarly, (— )+,rad this interpretation is the forgetting functor from pointed radditive 
functors to radditive functors and we will denote it by 0. 

Let Gor{C,R) be the category of finite correspondences with coefficients in a commutative 
ring R between objects of C. This category was described in detail in [35] (see also [2]). To 
distinguish objects of C from the corresponding objects of Cor{C, R) we let 

[-]n:C^Cor{C,R) 

denote the functor which is the identity on objects and which takes morphisms to their 
graphs. The category Cor{C,R) is additive and in particular has finite coproducts and [— ] 
commutes with finite coproducts. The radditive functors on Cor{C, R) can be identified 
with i?-linear functors from Cor{C,R) to the category of i?-modules i.e. presheaves with 
transfers with coefficients in R on C. In particular the class of projective equivalences in 
A°PRad{Cor{C, R)) is closed under coproducts. 

Define {Nis, A^)-homotopy category of Cor{C, R) setting: 

HmsMCor{C, R)) = H{Cor{C, R), [Gms U G^iU) 

When C = Sni/k this category is the full subcategory of the category DMj^^ {k, R) which 
consists of complexes of sheaves with transfers with homotopy invariant cohomology sheaves 
such that = for i > 0. See Theorem 11.151 below. 

Category Cor{C, R) carries a natural tensor structure which is given by the product of 
schemes on objects and by external products of relative cycles on morphisms. This structure 
is a functor Cor{C, R) x Cor{C, R) — ?■ Cor{C, R). Its radditive extension is a functor 

Rad{Cor{G,R)) x Rad{Cor{C, R)) = Rad{Cor{C,R) x Cor{C,R)) Rad{Gor{C, R)) 
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which we call the tensor product on Rad{Cor{C, R)) and denote by ®. Alternatively, one 
can define ® on Rad{Cor{C, R)) by first extending ® to Cor{C, i?)* and then defining F^G 
as 7ro(L,(F) 

Lemma 1.6 The classes di{[GNis]R) , cIi{[Ga^]r) and cli{[GNis U Gji^i]r) are closed under 
direct sums and their intersections with A°^Cor(C, i?)* are closed under tensor products. 

Proof: The case of coproducts i.e. direct sums follows immediately from the fact that 
projective equivalences in A°PRad{Cor{G, R)) are closed under direct sums. The proof of 
the tensor product part is parallel to the proofs of Lemmas 11.31 and 11.41 

Since the category Cor{C, R) is pointed the functor [— ] factors through the functor (— ) + . We 
denote the corresponding functor C+ — )■ Gor{G,R) by A^. By definition Aij(X+) = [X]ji. 
This functor commutes with finite coproducts and therefore defines a pair of adjoint functors 

A^ = {Ar)""^ : Rad{G+) Rad{Cor{C, R)) 

A^ = {Aii)rad ■■ Rad{Cor{C,R)) Rad{G+) 

where A^ is the right adjoint. If we interpret Rad{Cor{C, R)) as the category of presheaves 
with transfers and Rad{C^) as the category of pointed radditive presheaves then A^ is the 
"forgetting" functor which takes a presheaf with transfers to the same presheaf considered 
as a presheaf of pointed sets. By Proposition 14.141 the functors A^ and A^ define a pair of 
adjoint functors LA^ and RAjj between the homotopy categories H{C+) and H{Cor{G, R)). 

We will denote the classes of local equivalences in the context of C by Wms, and 
Wms,Ai, in the context of C+ by W^^^, W^i and W^-^ and in the context of Cor{C,R) 
byn^.., n^andiy;^,, ,,,. 

Theorem 1.7 For any R the functor Ar satisfies the conditions of Theorem \4-l(\ and Corol- 
lary \4.nY 2) with respect to the pairs of classes of morphisms {Gms, {G]\fis)+), (Gai, (G'ai)+) 
and {Gms U Gai, {Gms U Gai)+)- 

In particular, one has: 

1- ^Rm^s) C W^^^, AUW'J^,) c iy+ and A^^iWj^r^ ,,,) c 1^+^ ,,, 

2. A^(PF+ , n A^^Cf ) C A^(iy+, n A^^C*) C W^. and A^(iy+ n A^PC*) C 

the functors between the corresponding homotopy categories defined by LA'^ and RA^ are 
adjoint and in each case RA^j. reflects isomorphisms. 
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Proof: For simplicity of notation we will write A instead of A^. We have to prove four 
inclusions A'((G;vis)+ V JrfcJ C W'^,,, A'((Gai])+ V JrfcJ C W^i, A'i[Gms]® IdcoriCR)) C 
W^-^ and A''([Gai] © Idcor{c,R)) C W^^. The functor A' takes V to the direct sum ©. 
Therefore the first two inclusions follow from the definitions and the direct sums part of 
Lemma 11.61 

The functor A'' takes © to direct product. Therefore the direct product part of Lemma [1.41 
implies that in order to prove the third and the fourth inclusion it is sufficient to show that 
A''i[Gms]) C W+-^ and A''([Gai]) C W+,. The fact that the functor which forgets the 
distinguished point reffects equivalences of all the considered types further implies that it is 
sufficient to show that (pA"" {[G Nis]) C W^is and 0A''([G'ai]) C Wa^- 

Propositions 11.21 implies that in order to prove that (j)A^ {[G Nis]) C W]\fis it is sufficient to 
show that for any upper distinguished square Q of the form ([7]) the morphism [Kg] — )■ [X] 
is a local equivalence on C^is as a morphism of presheaves of sets or, equivalently, as a 
morphism of presheaves of abelian groups. It is further equivalent to the condition that the 
morphism of associated sheaves of abelian groups is a local equivalence on CNis- Consider 
the functor 

7 : Rad{Cor{C,R)) ShvAb{Cms) 

which is the composition of the forgetting functor from Rad{Cor{C, R)) to presheaves of 
abelian groups on G with the associated sheaf functor. Clearly, 7 respects finite coproducts 
and therefore it commutes with the Kq construction. Hence the morphism we are interested 
in can be written as 

7([irQ]-^[X]) = (ir,([Q])^7(m)) 
Consider a square 5* of pre-sheaves of abelian groups on Gms of the form 

SI y S2 

S3 ¥ SA. 

Using the fact that Gnis has enough points one verifies easily that the associated morphism 
Ks — )■ 5*4 is a local equivalence if and only if the sequence 

— > a^isSl — )■ aNisS2 © a^isSS — )■ a^isSA 

of associated Nisnevich sheaves is exact. We conclude that the morphism -ft"7([Q]) — > 7([-^]) 
is a local equivalence by ^3 Proposition 4.3.9]. 

To prove that 0A^([Gai]) C W^i it is sufficient by Lemma ll.H to show that for X G C 
the map of presheaves of sets p : [X x A^] — t- [X] is an A'^-homotopy equivalence. The 
inverse equivalence is given by i : [X] — ?■ [X x A^] corresponding to the point of A^. The 
A^-homotopy 

[X X A^] X A^ ^ [X X A^] 
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between the identity and po i is provided by the composition 

[X X A^] X ^ [X X X A^] ^ [X x A^] 
where the first map is a particular case of a general map of the form 

[X] X r ^ [X X Y] 
and the second one is obtained from the multiplication map A^ x A^ — )► A^. 

Since by definition RAJj is the natural descent to the homotopy categories of the simplicial 
extension of the functor between the radditive functors we will often write instead of 
RA?j. 

Remark 1.8 The functor A^ does not preserve projective equivalences between all objects 
of A°^Rad{Cj^). Consider for example the morphism p : Spec{L) — Spec{k) where L/k is a. 
Galois extension with the Galois group G and let C {p) be the corresponding Cech simplicial 
object. Then the morphism p' : C{p) ^ Im{p) where Im{p) is the image of p in Rad{C), is 
a projective equivalence and so is p'^. On the other hand the sections of A^((C'(p))+) over 
Spec{k) form a simplicial abelian group which computes homology of G with coefficients 
in R and therefore in general it is not equivalent to A^(/m(p)) which is a single object in 
dimension zero. 

The standard cosimphcial object A^i in Sch/k (see [Mi p. 88] or [lH p. 16]) lies in any 
admissible subcategory C. For a radditive functor F on C we let C^{F) denote the simplicial 
radditive functor with terms 

Cn{F) -.U^FiUx AXO 
Similarly for F in Rad{Cj^) we set 

C+(F):f/+^F(([/x A10+) 
and for F in Rad{Cor{C, R)) we set 

C^'iF) : [U] ^ F{[U X Al.]) 
(in [16] the functor was denoted by Sing^). 

For F G A°^Rad{C) we may consider C^{F) as a bisimplicial object. Then the diagonal 
AC^.(F) is defined and belongs to A°PRad{C). Similarly we get the functors AC^ and 
ACf on /\°PRad{C+) and A^p Rad{C , R) . The projection A^^i -> Spec{k) defines natural 
transformations Id^opRad(c) AC*, IdAopRad{c+) -> AC+ and IdAopRadiCor{c,R)) -> ACf . 



14 



Proposition 1.9 For any F G A°PRad{C) the object AC^,{F) is GA.^-local and the mor- 
phism F — )■ AC^{F) belongs to cli{Gp^i). Similarly for any F G A°PRad{C+) the object 
AC^{F) is (Gjn^i)^- local and the morphism F — )■ AC^{F) belongs to c/;((Gai)+) (^ndfor any 
F G A°Pi?ad(Cor(C, R)) the object ACf (F) is [G^i]-local and the morphism F ACf (F) 
belongs to c//([Gai])- 

Proof: The projection p : A^i x — t- A^i and the embedding i : A^i — )■ A^i x 
which corresponds to the point of A^, are mutually inverse cosimplicial homotopy 
equivalences. Indeed, let be morphism A^ — )■ A^ given by a; i— ?■ 0. To construct a 
cosimplicial homotopy between Ma* x Idjs^i and Id a* x observe first that the multiplication 
morphism (x, y) i— )■ xy defines an A^-homotopy between and Id. Therefore, in order 
to construct a required cosimplicial homotopy it is sufficient to construct a cosimplicial 
homotopy between the morphisms Id/^, x iq and Ma* x ii where iq, ii : Spec{k) — )■ A^ are 
the morphisms corresponding to the points and 1 of A^. Such a homotopy is given by the 
morphisms 9i defined in [TU Def. 2.17, p. 17]. 

Applying any term-wise functor to p and i we obtain a pair of mutually inverse simplicial 
homotopy equivalences. In particular, for any F G Rad{C) and U E C the map 

C,{F){U) ^ C.{F){U ^ A^) 

defined by the projection is a homotopy equivalence of simplicial sets and the same applies 
to and G^J . Since the class of weak equivalences of simplicial sets is A-closed we conclude 
that the first half of the proposition holds. 

For any F G Rad{G) and any n > the morphism F — )■ Gn{F) is easily seen to be an 
A^-homotopy equivalence (see P^ji Lemma 3.7] or [32, Lemma 3.2.2]). Therefore, for any 
F G A°PRad{G) the morphism F AC,(F) is in c/a(Gai) and, by Theorem S^Ol we 
conclude that this morphism is in cIi{Ga^)- Similar argument applies in the two other 
contexts. 



1.2 The category Hjsfis^A^{Cor(Sm/k)) and the category DM (k) 

Let G be an admissible subcategory in Sch/k and R a commutative ring. A (Nisnevich) sheaf 
with transfers of i?-modules on G is an object F of Rad{Gor{G, R)) such that A'5j(F) is a 
(pointed) sheaf on Gnzs- We let Shvms{Gor{G, R)) denote the full subcategory of Nisnevich 
sheaves in Rad{Gor{G, R)). The proof of the following result in the context of any admissible 
subcategory G in Sch/k is strictly parallel to their proof in in the context of C = Sm/k (see 
[321 Th. 3.1.4, Lemma 3.1.2], 0). 

Proposition 1.10 The inclusion functor L%^g : ShvNis{Gor{G, R)) — )• Rad{G or {G , R)) has 

a left adjoint a^^^ such that o a^.^ = a^is o A'' where ajsng is the usual associated sheaf 
functor. 
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Corollary 1.11 The category ShvNis{Cor{C,R)) is ahelian. 

Lemma 1.12 For any X E C the representable radditive functor [X] G Rad{Cor{C, R)) is 
a Nisnevich sheaf with transfers. 

Let D_{ShvNis{Cor{C, R))) be the derived category of complexes bounded from the above 
over ShvNis{Cor{C, R)). Note that a morphism in Cmpl_{Shvms{,Cor{C, R))) is a quasi- 
isomorphism if and only if it is a quasi-isomorphism as a morphism of complexes of Nisnevich 
sheaves of abelian groups. 

Let N : A°PRad{Cor{C, R)) Cmpl_{Rad{Cor{C, R))) be the normalization functor. A 
morphism f : X ^ Y in A°^Rad{Cor{C, R)) is a projective equivalence if and only if A^(/) is 
a quasi-isomorphism and a local equivalence in the Nisnevich topology if and only if a%^gN{f) 
is a quasi-isomorphism. Together with Proposition 11.21 this implies that N defines a functor 

N^is : HN^s{Cor{C,R)) ^ D4Shvms{Cor{C, R))) 

Let 

K : Cmpl4Rad{Cor{C, R))) A'"'Rad{Cor{C,R)) 

be the right adjoint to A^. As for any abelian category, it takes a complex to the simplicial 
object corresponding to the canonical truncation of this complex at level zero. Therefore the 
same reasoning as above implies that if / is such that a%is{f) is a quasi-isomorphism then 
K{f) is a local equivalence in the Nisnevich topology and by Proposition 11.21 an element of 
^Nis- conclude that K defines a functor 

Kms ■■ D_{Shvms{Cor{C,R))) ^ Hms{Cor{C,R)) 

which is right adjoint to Nj^is. In addition, since A^ is a full embedding the adjunction 
Id KN is an isomorphism and since Nj^ig and Kjsns are direct descends of A^ and K the 
adjunction Id — )• Kj^igN^is is an isomorphism. We proved the following result. 

Proposition 1.13 The adjoint functors 

N : A°PRad{Car{C,R)) Cmpl^{Rad{Car{C, R))) 

K : Cmpl_{Rad{Cor{C, R))) A°PM(Cor(C, i?)) 
descend to adjoint functors 

Nms : HmsiCor{C,R)) ^ D4ShvmsiCor{C, R))) 

Kms : D^ShvmsiCoriCR))) -> HmsiCor{C, R)) 
The functors N and Nj^ng are full embeddings and the functors K and K^is o'^e localizations. 
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For a class E of morphisms in a triangulated category let clyi{E) denote the (left) Verdier 
closure of E i.e. the class of morphisms whose cones belong to the localizing subcategory 
generated by cones of morphisms from E. 

Define DMj^-^ [C, R) as the localization 

DM1"{C,R) = D_{Shv^UCoriC,R)))[cU[GAAy'] 

In the case when C = Sm/k our definition agrees with the standard one by [321 Prop. 3.2.3] 
i.e. 

DMl^^{k,R) = DMl^^{Sm/k,R) 

Let be the class of morphisms in Cmpl_{Rad{Cor{C, R))) which become isomorphisms 

in DM'L^^ {C, R). The standard properties of Verdier localization imply that a morphism 
/ in D_{ShvNis{Cor{C,R))) becomes an isomorphism in DM^^^ [C, R) if and only if it 
belongs to c/^/([Gai])- Therefore W^'^ coincides with the class of morphisms whose image 
in D^{ShvNis{Cor{C, R))) lies in clyi{\G a.^]) . 

Proposition 1.14 One has 

and therefore N descends to a functor 

Nms,A^ : HN^sMCor{C,R)) ^ DM'J\C,R) 

Proof: By Proposition 14.221 we have 

Since triangulated functors map Verdier closures to Verdier closures it is sufficient to check 
that Njqis{\GNis]) and Nf4ia{\GA^]) are contained in c1^i{\GaA) D_{Shvms{Cor{G, R))) 
which is obvious. 

Theorem 1.15 Let k be a perfect field and G an admissible subcategory contained in Sm/k. 
Then the functor Njshs^a^ is a full embedding. 

Proof: Denote by GG^ the functor from Gmpl-{Rad{Gor{R, G))) to itself of the form 

GG,{X) = TotiN{G:'^P\X))) 

where C*^*"?' is the functor from complexes to simplicial complexes obtained by applying Gl^ 
to a complex X term by term. The normalization of a simplicial complex in the simplicial 
direction is a bicomplex of which we take the total complex. This operation only involves 
finite direct sums since the bicomplex in question lies in the second and third quadrants with 
only finitely many rows lying in the third one. 
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For an individual radditive functor F the cohomology presheaves of NC^J{F) are homotopy 
invariant by Proposition 1 1 . 91 or by |2Ii Prop. 3.6]. On the other hand it is easy to see that if B 
is a bicomplex such that the cohomology presheaves of its rows or columns are A^-homotopy 
invariant then the same holds for Tot{B). Therefore the cohomology presheaves of CC^,{X) 
are homotopy invariant for any X. Similarly, from Proposition 11.91 and from |32l Lemma 
3.2.5] we conclude that for an individual radditive functor F the morphism F — )■ NC^J{F) 
is in ly^^^ which easily implies that the same holds for any complex X of such functors. 

This reasoning holds for any C and R. If C = Sm/k or equivalently if C is contained in 
Sm/k and is a perfect field then we know from the second part of [321 Prop. 3.2.3] that 
a morphism / G W^^^ whose source and target are complexes with homotopy invariant 
cohomology presheaves is a quasi-isomorphism in the Nisnevich topology. Therefore CC* 
takes elements of W^^^ to Nisnevich quasi-isomorphisms and the functor i^7Vjs°CC* descends 
to a functor 

Ri^iv^s,Ai : DM'J^iCR) ^ Hms,A^{Cor{C,R)) 

The natural transformation Id — )■ CC* provides a construction of a pair of natural transfor- 
mations Id — Ri^7Vjs,Ai ° ^Afjs.Ai ^Afjs,A^ ° ^■^Nis,A^ ~^ Id which form an adjunction. 
Up to this point the construction would go through with any other A ^-localization functor 
instead of CC*. To prove that A^iVjs,Ai is a full embedding we need to show that the first of 
these transformations is an isomorphism. For X G A°'PRad{Cor{C, R)) it is represented by 
the composition 

X K{N{X)) K{CC,{N{X)))) = K{Tot{N{Cl'^P\N{X))))) (8) 

The first morphism is an isomorphism of the Dold-Thom correspondence. We obviously 
have 

N{C:"'P\N{X))) = iV,,^.iV,„,™Cf (X) 

and by Eilenberg-Zilber Theorem there is a natural homotopy equivalence of complexes of 
the form Tot{N^owsNcoiumnsB) = N{AB) for any bisimplicial object B. Therefore 

K{TotiN{CrP\N{X)m = K{Tot{N,o^,N,oiumnsC':{X))) = ir(iV(ACf (X))) = ACf (X) 

and the morphism ([HD is isomorphic to the morphism X — )■ ACl^{X) which is a [G'Ai]-local 
equivalence by Proposition II. 9[ Theorem is proved. 

Remark 1.16 1 do not know whether or not the functor Nj^^s^a^ is a full embedding for a 
general admissible C. The problem is that the main theorem of [21] is only known for smooth 
schemes. On the other hand it should be possible to prove using general arguments that 
NNis,A^ becomes a full embedding after II]^is,A^ is stabilized with respect to the simplicial 
suspension. From this point of view the main theorem of [31] may be stated by saying that 
Hms,A^ {Cor (Sm/k)) is E^-stable. 

The following proposition describes the behavior of the functors N relative to the cofiber 
sequences in H{Cor{C, R)). For a general definition of a cofiber sequence see [TH Def. 6.2.7, 
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pp.156]. Since Cor{C,R) is additive the coaction part of the cofiber sequence is determined 
by the boundary map (cf. [HI Rm. 7.1.3, p. 178]) and we will write the cofiber sequences as 
X — )■ y — )■ Z — )• T}X. Proposition UTS] shows that a sequence of this form in H{Cor{C, R)) 
or in any other of the homotopy categories of Cor{C, R) is a cofiber sequence if and only if 
it is isomorphic to the image of the sequence defines by a term-wise coprojection sequence 
X — > F — > Z in A°PCor(C, i?)*. Since such coprojection sequences are exact we get the 
following result. 

Proposition 1.17 With respect to the natural isomorphisms N{I1^{Z)) = N{Z)[1\ the 
functor iVjvis,Ai fnaps cofiber sequences in H^is js^i{Cor{C, R)) to distinguished triangles in 
DMl^^iCR). 

We also mention without proof the following result which can be easily deduced from the 
proof of Theorem 11.151 

Proposition 1.18 If k is a perfect field and C is contained in Sm/k then a sequence of the 
form X ^ Y ^ Z ^ S^(^) H^ig^^i{Cor{C,R)) is a cofiber sequence if and only if its 
image m is a distinguished triangle. 



1.3 Change of the underlying category C 



For the purpose of the following discussion let us denote the classes Gnis and Gai in 
A°PRad{C) for a given admissible subcategory C by 0%^^ and G^i. 

Let C, D be two admissible subcategories such that i : C d D. Since i commutes with 
coproducts it defines a pair of adjoint functors i^'^'^ : Rad{C) — )■ Rad{D) and Vad '■ Rad{D) — )■ 
Rad{C). If we interpret radditive functors as sheaves in the topology defined by coverings by 
connected components then i'""'^ and irad become the usual inverse and direct image functors 
for the corresponding continuous map of sites. Note that this map of sites is not in general 
a morphism of sites i.e. i^"''^ does not commute with limits. 



Proposition 1.19 The inclusion functor i satisfy the conditions of Theorem 4-16 and Propo- 
sition \4^J7^ 1 ) relative to the pairs of classes {G^is^G^^^) and (G^i, G^^i). 

The same holds for the functors i+ : C+ — and ifr '■ Cor{C, R) — )■ Cor{D, R) relative to 
the pairs of classes ((G^,J + , (G^,J+), ((G^0 + , (^£0+) and ([G^,J, [G^], ([G^,], [G^.]) 
respectively. 

Therefore we get pairs of adjoint functors (vad, L^™'^); (H.rad, L^™*^) and («tr,rad, L^™'^) be- 
tween the projective, Nis- and A^-homotopy categories and the left adjoints in these pairs 
are full embeddings. 
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Proof: The condition on the left adjoint functor is obvious in each of the cases. The condition 
on the right adjoint in the case of C follows easily from Proposition 11.21 and Proposition ll.il 
In the case of C+ and Cor{—,R) it follows from the same propositions and the fact that the 
functor which forgets transfers reflect isomorphisms (Proposition 11.51 and Theorem II. 7p . 



Corollary 1.20 The inclusion functor i satisfy the conditions of Theorem \4.16\ and Propo- 
sition 14.11^ 1 ) relative to the pair of classes (G^j^ U G^i , G^^^ U 



he functors i+ : C-i 



The same holds for 

— 7- and itr '■ Cor{C,R) — i- Cor{D,R) relative to the pairs of classes 
and i[G%i,] U [G^i], [G^^J U respectively. 



+ 

Nis) + 



Therefore we get pairs of adjoint functors (irad, L^™''), (H/rad, and {itr,rad,^iitr'^) be- 

tween the {Nis, A^)-homotopy categories and the left adjoints in these pairs are full embed- 
dings. 



Let us analyze now how the adjoint pairs {Li™'^, i+^rad) and (Li™*^, itr,rad) are related to each 
other. Consider the following diagram 



LA' 

HN^sMCor{C,R)) 

A'- 



L^rad 



LA' 



> Hms,A^{Cor{D,R)) 

A"" 



''+,rad 



^tr,rad 



HNis,A^{C+) 
LA' 



> HM^sMCor{C,R)) 

A'- 



(9) 



— — > 



(C+) 



By Corollary 11.201 the compositions of the horizontal arrows are canonically isomorphic to 
the corresponding identities. The commutative square 



A' 



Cor{C,R) Cor{D,R) 

shows that the lower right square of (Q commutes. The upper left square is left adjoint to 
the lower right one and therefore it commutes as well. The lower left square is unlikely to 
commute. We do not know whether the upper right one commutes in general but there is the 
following important partial result. Note that while the previous discussion holds without 
change in the context of projective, Nis- and A ^-equivalences the theorem below is only 
known to be valid for the {Nis, A^)-equivalences. 



Theorem 1.21 Let k be a field with resolution of singularities and C C Sm/k. Then for 
any admissible D which contains C the upper right square of ^ commutes i.e. one has 
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Proof: Consider first the case C = Sm/k and D = Sch/k i.e. the commutativity of the 
square 



Hms,A^i{Sch/k)+) 

LA' 



> HNis,A^{{Sm/k)^ 

LA' 



(10) 



HNis,A^{Cor{Sch/k)) ^^^^ HNis,A^{Cor{Sm/k)) 
We have a natural transformation 



(11) 



arising from the adjunctions and the commutativity of the lower right square of ([9]) and we 
need to show that it is an isomorphism. Consider the square 



LA' i+^rad L^™*^ i+,rad 



hr,rad LA' LzT*'^ 'i+,rad ^ hr,rad LA' 



(12) 



where the vertical arrows come from (fTT!) and the horizontal ones from the adjunction 

Lf_^'^i+^rad Id. 

We need to prove that the right vertical arrow is an isomorphism. We will do it by showing 
that the other three arrows are isomorphisms. 

By Corollary 1 1 . 2Ql the functors Li™'' and Li™'^ are full embeddings and therefore the canonical 
morphisms 

i+,rad ^ i+,rad^i+' i+,rad (13) 

and 

itr,rad ^ itr,rad ^'^tr ^tr,rad (1^) 

are isomorphisms. We conclude that the upper horizontal arrow in fll2p is an isomorphism 
and exchanging LA' and Li™"^ by commutativity of the upper left square of the main diagram 
that the left vertical arrow is an isomorphism. It remains to show that under our assumptions 
the lower horizontal arrow is an isomorphism. It follows from Lemmas II. 22111. 251 



Lemma 1.22 In the diagram of projective homotopy categories similar to ^ which is de- 
fined by the commutative square of functors 



C 



D 



i-h 



(-)h 



C+ - 

all four squares commute. The same holds for the diagrams of homotopy categories of all 
other types which we consider. 
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Proof: Straightforward using the identification of radditive functors on C+ and with 
pointed radditive functors on C and D respectively. 

Lemma 1.23 Let k be a field with resolution of singularities, then the morphism 

is a local equivalence in the cdh-topology for any F in /S.°^Rad{{Sch/k)^). 

Proof: It is clearly sufficient to show that takes projective equivalences to local equiva- 
lences in the cci/i-topology. Since the forgetting functor from the pointed to non-pointed con- 
text reflects local equivalences in the cdh-topology and in view of Lemma IL22I it is sufficient 
to prove that i'^"''^ takes projective equivalences in A°PRad{Sm/k) to cdh-local equivalences 
in A"PRad{Sch/k). 

Recall from [39] that Sm/k can be equipped with scdh-topology such that the natural functor 
Sm/k — 7- Sch/k defines a continuous map of sites 

TT : {Sch/k)cdh {Sm/k)scdh 

and that when k admits resolution of singularities vr is a morphism of sites and therefore vr* 
respects the local equivalences of simplicial sheaves. On the other hand the radditive functors 
can be interpreted as sheaves on the sites {Sch/k)con and {Sm/k)con whose topology is gen- 
erated by coverings by connected components. Let ascdh be the associated sheaf functor from 
Rad{Sm/k) to Shv{{Sm/k)scdh and acdh be the associated sheaf functor from Rad{Sch/k) 
to Shv{{Sch/k)cdh- These functors may be considered as the inverse image functors for 
the obvious morphisms of sites {Sm/k) acdh {Sm/k)con and {Sch/k)cdh {Sch/k)con. 
Therefore 

^ -rad * ^ 

a-cdh^ — ascdh 

and since vr is a morphism of sites we conclude that acdki'"''^ takes projective equivalences i.e. 
local equivalences in the con-topology to local equivalences in the cdh-topology. 

Lemma 1.24 Let f : X ^ Y be a morphism in A"''{Sch/k)'^ which is a local equivalence 
in the cdh-topology. Then A\f) is a local equivalence in the cdh-topology. 

Proof: By [39j the class of local equivalences in the cdh-topology on A"P{Sch/k)^ is 
cl^{{WNis)+ U {Wicd)+) where Wicd is defined in the same way as Wnis but with respect 
to the lower distinguished squares (i.e. abstract blow-up squares). The functor A' obviously 
takes A-closures to A-closures and therefore it is sufficient to verify that both for upper and 
for lower distinguished Q the morphism [Kq] — )■ [X] is an equivalence in the cdh-topology. 
For upper distinguished ones we know it from the proof of Theorem IL7I By the same argu- 
ment the condition that [Kq] — )■ [X] is a local equivalence in the cdh-topology for a lower 
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distinguished square Q is equivalent to the condition that for such a square the sequence of 
cdh-sheaves of abelian groups 

-> aaih[B] -> a^dh[A] © a^dh[y] ^ a^dhiX] 

is exact in the cdh-topology. This is the statement of [251 Prop. 4.3.3]. 



Lemma 1.25 Let k be afield with resolution of singularities and f : X ^ Y be a local equiv- 
alence in the cdh-topology in A°PRad{Cor{Sm/k)). Then the image of f in Hj~^is^x^{Cor{Sm/k)) 
is an isomorphism. 



Proof: By Theorem 11.151 it is sufficient to check that the corresponding morphism is an 
isomorphism in DMj^^ . It follows from [51 Theorem 5.5(2)]. 



This finishes the proof of Theorem 11.211 for C = Sm/k and D = Sch/k. Changing Sm/k 
to an admissible subcategory C does not change, up to an equivalence, the categories of 
Nisnevich sheaves and therefore does not change the categories involved in the statement of 
the theorem. For an admissible subcategory j : D C Sch/k which contains C consider the 
diagram 



H'{D+) H'{{Sch/k)+) H'{D+) H'{C+) 



LA' 



LA' 



LA' 



LA' 



(15) 



H'{D+) H' {Cor (Sch/k)) H'{Cor{D,R)) H'{Cor{C,R)) 



where we write H' instead of H^is^A^ to shorten the notation. Let 5*1, 5*2 and S3 be the 
squares of the diagram. The rectangle S2S3 commutes by the previous remark. The square 
Si commutes since it consists of two left adjoints. Therefore the ambient rectangle S1S2S3 
commutes. On the other hand it is equivalent to 5*3 since by Corollary II . 201 the compositions 
j+^rad^j+"^ and jtr,rad^f+'^ are naturally isomorphic to the corresponding identitieqj. 



■^I would like to thank one of the referees for this argument. 
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2 Symmetric powers 



2.1 Generalized symmetric powers on H]\[is^A'^{C+) 

In this section we assume that the underlying category C is /-admissible i.e. it is admissible 
and categorical quotients exist for all finite group actions. For examples of such categories 
see Appendix 14.11 We will often use the following property of finite group quotients. 

Lemma 2.1 Let X,X' be schemes of finite type over a field k and let G — )■ Aut{X), G' — t- 
Aut{G') he actions on X and X' by finite groups G, G' such that the categorical quotients 
X/G and X'/G' exist. Then X/G x X'/G' is the categorical quotient of X x X' by the 
product action of G x G' . 

Proof: The quotients with respect to finite group actions commute with fiat base changes. 
Therefore one has: 

(X/G) X {X'/G') = {Xx {X'/G'))/G x {e} = {X x X'/{e} x G')/G x {e} = {X x X')/G x G' 



Let $ = (G, : G — 7- Sn) be a permutation group i.e. a group together with an embedding 
into the symmetric group. Consider the functor S** (resp. S**) from C+ to itself of the form 

x+ ^ {x^r/G 

(resp. of the form X+ ^ = ). Let $i = {Gi,(f), : Gi -> SnJ, i = 1,2 

be two permutation groups. Define their wreath product $i * $2 as follows. Let {n} = 
{1,...,?T,}. The direct power G^^ acts on {ni} x {77,2} in the obvious way. Consider the 
action of G2 on the same set which is the product of the action defined by 02 on {n2} and 
the trivial action on {ui}. Let (p : G ^ Sn^n2 be the subgroup generated by the images of 
and G2. We set 

$1 * $2 = (G,0 : G ^ Sn^n^) 

(One can see that G is the semi-direct product of G"^ and G2 with respect to the obvious 
action of the later on the former.) Lemma [2.11 easily implies the following result. 

Proposition 2.2 For any $1 and $2 o-s above there are isomorphisms of functors 
and 
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Define $i x $2 by the formula 

$1 X $2 = (Gi X G2, : Gi X G2 ^ Sn.+n^) 

where is the composition of 0i x 02 with the obvious embedding x 5'„2 — )■ S'^^+^j- We 
have another straightforward result. 

Proposition 2.3 For any $1 and $2 a&ofe there are isomorphisms of functors 
and 

5*1^*^ = 5*^ A5*^ (19) 

Consider now the radditive extensions 

5*'™'^ : Rad{C+) ^ M(C+) 

^^'^"-^ : Rad{C+) Rad{C+) 

of S** and S**. The isomorphisms of Propositions 12.21 and 12.31 extend immediately to these 
functors. To simplify the notation we will usually write S** and 5** instead of 5'*''""'^ and 
g'i>,rad^ As all radditive extensions these functors commute with filtering colimits and reflexive 
coequalizers. The behavior of these functors with respect to finite coproducts corresponds 
to their behavior with respect to finite coproducts of schemes. For the case of ordinary 
symmetric products see Proposition [2]T5]below. Proposition [2]T2] gives an important example 
of how behaves with respect to colimits of another type. 

The main result which allows us to extend the symmetric powers functors to different homo- 
topy categories is Theorem 12.51 below. The machinery needed for the proof of this theorem 
was developed in |3] . The proofs there are given in the case when C = QP/ k is the category 
of quasi-projective schemes over k but they are applicable without any modification to any 
/-admissible category C. Let a+^ms be the functor of associated sheaf from Rad{C^) to 
Shv,{CNis)- 

Definition 2.4 An object F of Rad{C-\.) is called solid if there exists a filtration pt = Fq G 
Fi C ... C Fm = F such that for each i = 0, . . . , m — 1 there exist an open embedding 
Ui <Z Xi in C and an isomorphism 

a+,Nis{Fi+i/ Fi) = a^^Nis{Xi/Ui) 

An object is called ind-solid if it is a filtered colimit of solid objects. A simplicial object is 
called ( ind- ) solid if its terms are ( ind- ) solid. 
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Note in particular that according to this definition objects of A^^C^ are sohd and objects of 
A°PC* are ind-sohd. Note also that the object of Rad{C+) represented by a pointed scheme 
(X, x) is not ind-solid unless the distinguished point is disjoint. In view of |i3i Prop. 35 
(Prop. 4.1.7 in the preprint version)] a radditive functor F on C+ is (ind-)solid if and only 
if a-^^Nis{F) is (ind-)solid in the sense of [3l Def. 7(Def. 4.1.5 in the preprint version)]. 

Theorem 2.5 Let $ = (G, : G S'„) be a permutation group. Then one has: 

1. if X is an (ind-)solid object of A°PRad{C^) the S'^{X) and S'^{X) are (ind-)solid 
objects of A"PRad{C+), 

2. if f : X ^ Y is a Nis- (resp. an {Nis, A^)-) equivalence between ind-solid objects 
in A°PRad{C+) then S'*(/) and S'*(/) are Nis- (resp. {Nis, A^)-) equivalences. In 
particular, for an ind-solid F the obvious morphisms 

S^iL^iF)) ^ S^iF) 

S*(L,(F)) S*(F) 

are Nis- equivalences . 

Proof: Let C/G he the category of G-objects in G. Denote by : C+ — {G/G)+ the 
functor which maps to (X+)" with the permutational action of G defined by (p and by 
P* the functor which maps X+ to (X+)^" = (X")+. 

Let further Quote '■ {G/G)^ — > C+ be the functor of the form X^ ^ (X/G)+. Then 
= QuotQ o P* and S"* = QuotQ o S"*. 

Define classes (G'ai)+ ^"^^ {GNis)+ in A°PRad{{G /G)+) in exactly the same way as we have 
defined these classes for G = {e} in Section [LT] (see also [3l p. 389]). Also define the notion 
of solid and ind-solid object in A°PRad{{G/G)+) in exactly the same way as we have done 
for G = {e}. Theorem 12.51 now follows from Propositions 12.6112. 101 

Proposition 2.6 A morphism f in A"^ Rad{{G / G) ^) belongs to cli{{G]sfis)-^) (resp. to 
cli{{G]siis)+^{GA.^)+)) if and only if a^^f^is{f) is a local (resp . A^-) equivalence in A°P{Shv,{{G/G)ms)) 
in the sense of JB^- 

Proof: Modulo the obvious analog of Proposition 11.11 for {G/G)+ this proposition is essen- 
tially equivalent to ^3^ Th. 5 (Th. 3.6.1 in the preprint version)]. 

Proposition 2.7 The radditive extensions of the functors P* and P* take (ind-)solid ob- 
jects to (ind-) solid objects. 
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Proof: Let /$ be the object oi C/G which is the union of n copies of Spec{k) with the 
permutational action of G defined by 0. In [3] we denoted by {—)^ the functor which takes 
a pointed sheaf F on {G/G)ms to the pointed sheaf Hom jl, F) and by {—)^^ a reduced 
version of this functor. One verifies immediately that the functor a+^Nis{P'^Y"''^ is naturally 
isomorphic to (— )^ o a+^^is and a+^Nis{P'^Y"''^ is naturally isomorphic to {—)^^ o a+^Nis- The 
proposition now follows from |3l Th. 7 (Th. 5.2.3 in the preprint version)] in the case of P* 
and from [21 Prop. 47 (Prop. 5.2.9 in the preprint version)] in the case of P*. 

Proposition 2.8 Let f : X ^ Y be a Nis- (resp. [Nis, A^)-) equivalence between ind- 
soM objects of A°PRad{C+). Then (p'f)™'i(/) and {^p^y^d^^^ ^^^^^^ {Nis.A^)-) 

equivalences in A°^Rad{{C/G)-^) . 

Proof: The statement for P* follows from [3, Prop. 48 (Prop. 5.2.11 in the preprint 
version)]. The statement for P* follows by the same argument. 

Proposition 2.9 The radditive extensions of the functor Quota takes (ind-)solid objects to 
(ind-)solid objects. 

Proof: The functor a+^NisQuot'^Q'^ is naturally isomorphic to the functor rij^^^a+^Nis where 
ri+^# is the pointed analog of the functor t]^ : Shv{{G/G)Nis) Shv{Cms) defined in [3]. 
It is shows in [3] that t]^ is a left adjoint and in particular that it commutes with colimits. 
Therefore the same the same is true for a+^NisQuot^a'^ and the statement of the proposition 
follows from the definition of (ind-)solid objects. 

Proposition 2.10 Let f : X ^ Y be a Nis- (resp. {Nis, A^)-) equivalence between ind- 
s olid objects of A°p Rad{{C / G) . Then QuotQ''^{f) is a Nis- (resp. {Nis, A^)-) equivalence 
m A"PRad{G+). 

Proof: It follows from [3', Prop. 45 (Prop. 5.1.4 in the preprint version)] through the 
identification a^^msQuot'^Q'^ = rj^^^aj^^^is- 

As an immediate corollary from Theorem 12.51 we get the following result. 

Corollary 2.11 For any $ = (G, : G — )■ Sn) there are unique (up to a canonical isomor- 
phism) functors L^** and LS* on the Nis- and {Nis, A^)-homotopy categories which are 
determined by the conditions that the squares 

A"PG* A°PG* A"PC* A°PG* 



HNis,A'^{C+) > -f^Afis,Ai(C+) -f^Afjs,Ai(C+) ^ -f^Afjs.Ai (C'+) 
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and their analogs for the Nis-local categories, commute. In addition, for any ind-solid object 
F m A"PRad{C+) one has L^*(F) = and LS*(F) = m both Nis- and 

{A^ , Nis)-homotopy categories. 

For a closed subset Z of X we let S'*(X+) — S'*(Z+) denote the open subscheme in 5'*(X+) = 
(X"^/G)+ whose complement is the image of Z"' C under the canonical map from X^. 

Proposition 2.12 Let Z be a closed subset of X . Consider X/ {X — Z) as a radditive functor 
on C+ and let a^is be the functor of associated Nisnevich sheaf. Then one has 

a+,ms~S''{X/{X - Z)) = a+,^,,(5*(X+)/(5*(X+) - 

Proof: As in the proof of Proposition 12. 71 observe that a+^^gS'^ = ri+^^{—)^^a+^iyis. There- 
fore the statement of our proposition follows from [3l Example 8 (Example 5.2.8 in the 
preprint version)] and the fact that commutes with colimits. 

Example 2.13 Let us consider the statement of Proposition 12.121 for S** = 5*^ being the 
usual symmetric square. The pointed object X/ (X — Z) is the coequalizer of the reflexive 
pair X+ V {X — Z)+ ^ X+ where the first arrow is identity on X+ and the inclusion on 
(X — and the second arrow is the identity on X+ and the projection of (X — Z)+ to the 
distinguished point. Applying to this equalizer the functor 5*^ we see that S'^(X/(X — Z)) 
is the coequalizer of the pair 

{S^X)+ V (X X (X - Z))+ V (^^(X - Z))+ ^ s^x+ 

and looking at the maps we conclude that it is defined by the push-out square of the form 

X X {X - Z)US\X - Z) y S^X 

Spec{k) ¥ S\X/{X-Z)) 

The statement of the proposition is valid in this case because the map X x (X — Z)ILS'^{X — 
Z) — S'^X — S'^Z is a Nisnevich covering. To see this consider the subset of the source at 
which the map is etale. It is of the form (X x (X - Z) - A(X - Z)) U S'^{X - Z) and the 
restriction of the map to this subset is easily seen as arising from the upper distinguished 
square 

(X - Z) X (X - Z) - A(X - Z) > X X (X - Z) - A(X - Z) 

S^{X-Z) > S^X-S^Z 

However this is not a covering in the con-topology or even in the Zariski topology which 
make it necessary to use the Nisnevich associated sheaf functor in Proposition 12.121 
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As was noted above the radditive functor on C+ represented by a pointed scheme (X, x) is 
not sohd unless x is a disjoint base point. To extend the computations of derived symmetric 
powers to such objects we need the following results. 

Proposition 2.14 Let $ = {G, (p) be a permutation group and {X, x) an object of A°'^Rad{C+) 
represented by a pointed object of A^^C^. Then the morphism 

5*(AL,((X,a;)))^5*((X,a;)) 

is a projective equivalence and S'^{{X,x)) = {X^/G,x"'). 

Proof: It is clearly sufficient to verify the proposition for {X, x) being a pointed object of 
C. Consider the pair of adjoint functors 

(-)+ ■■c*^c* 

where is the functor which forgets the distinguished point. Let F = (— )_|_ o be the corre- 
sponding cocomplete-triple. Then F{{X,x)) = X+. Since (p reflects projective equivalences 
and (p F = (— ) Upt respects projective equivalences, F respects projective equivalences and 
and in particular 

FL4{X,x)) ^ F{{X,x)) 
is a projective equivalence between objects of A°^C^. 

The natural isomorphisms (— )" = ((— )+)^" define functor isomorphisms 

= S^{F{-)) (20) 

Therefore we have a commutative square 

F5*L,((X,x)) > S^FL,{{X,x)) 

FS*((X,x)) > 5*F((X,x)) 

in which the horizontal arrows are isomorphisms and the right vertical arrow is a projective 
equivalence by Proposition 14.13( 2). We conclude that FS'^L:^{{X,x)) — )■ FS'*((X, x)) is a 
projective equivalence. 

Since Rad{C+) = Rad{C),, one verifies easily that for any X G Rad{C+) the map from 
the simplicial object F^{X) = (F°*^*+^)(X))j>o defined by the cocomplete-triple F to X is a 
projective equivalence. Since F maps projective equivalences to projective equivalences this 
implies that a morphism / : X — )■ y in A°PRad{C^) is a projective equivalence if and only 
if F{f) = {4>f)+ is a projective equivalence which finishes the proof of the proposition. 
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The fact that S'^{{X,x)) = (X"/G',x"') follows easily from the isomorphism ( 120|) . 



In the case of the ordinary symmetric products associated with the permutation group 
{Sn, Id) we will use the simplified notations S"' and S"'. For small values of n one has 

S\X+) = pt = 

52(x+) = (xV52)+ V x+ s\x+) = ixys2)+ 



Proposition 2.15 For any n > there is a family of natural in X,Y G /S.°'^Rad{C^) 
isomorphisms 

~S^{X V r) = V„>,>o(5*X A ~S^-'Y). (21) 



Proof: The left hand side of f l2T]) is the value on (X, Y) of the simplicial extension of the 
radditive extension of the functor C+ x C+ — > C+ of the form ([/+, V^) i— )■ 5'"([/+ V the 
right hand side is the value on (X,Y) of the simplicial extension of the radditive extension 
of the functor (f/+, V+) ^ V„>i>o(^'(t/+) A S"-'{U+)). These two functors from C+ x C+ to 
C+ are isomorphic due to the formula 

{uuvyysn = n„>,>o([/v^, x r"-v^„_,). 

Therefore their radditive extensions and then simplicial extensions of radditive extensions 
are isomorphic as well. 

Since radditive extensions commute with filtered colimits Proposition 12.151 immediately im- 
plies the following result. 

Corollary 2.16 Let {Xa)aeA be a family of objects in A°PRad{C^) . Then one has 

S'^i'^aeAXa) = \^kiai + ...+k^a^eS"AiS'^'^Xa^ A ... A S''^™Xq,^). 

where S'"'A is the n-th symmetric power of the set A, ki + . . . + km = n and ai, . . . , am are 
pairwise distinct. 



Consider a coprojection sequence X A F A Z in Rad{C+). Let us say that a morphism 
/ : y4 — )■ i? in a category has a strict image if the image of the morphism of representable 
functors defined by / is representable i.e. if there exists a factorization A — )■ Im{f) — )■ i? of 
/ where the first morphism is a split epimorphism and the second one is a monomorphism. 
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Lemma 2.17 Let f : X be a coprojection in Rad{C^). Then the composition 

has a strict image which we denote by Sy^{X, Y) — )■ S^(Y). A choice of i : Z ^ Y such that 
f V i : X V Z ^ Y is an isomorphism defines an isomorphism 

SUX,Y) = V„>,>,(^"(X) A ^"-'^(Z)) 

over S"(Y). 

Proof: Let us choose i : Z ^ Y such that f V i : X \/ Z ^ Y is a.n isomorphism. We get a 
commutative square 

\/n>a>^{S^{X)AS^-%Z)) > S^{X W Z) S^{Y) 

\/n>a>^{S''{X)AS^-''{Y)) > S^{X V Y) > S^{Y) 

To finish the proof it remains to construct for each j > i a morphism 

S^{X) A S^~^{Y) ^ V„>,>,(5"(X) A 

such that the diagram 

s^{x) A S'^'^iY) > 

Vn>a>^{S%X) A S^-'^iZ)) > 

v„>,>,(^"(x) A5"-"(r)) > s^iY) 

commutes. We define this morphism as the composition 

S^{X) A S^'-^iY) = S\X) A S^'-^iX V Z) = Vn-j>k>oiS^iX) A S\X) A ^ 
V„>,>,(^'^(X) A ^"^'^(Z)) ^ V„>,>,(S'^(X) A S"~^iZ)) 

where a = k + j. 

By construction we obtain a sequence of morphisms 

S''{X) = S;^{X, Y)^ ... 55i(X, Y) S'{q{X, Y) = S'\Y) 
As a corollary of the second statement of Lemma 12.171 we see that the morphisms 

Sl,^,{X,Y) ^ SUX,Y) 
are coprojections. The following result identifies the cofibers of these coprojections. 
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Lemma 2.18 For any coprojection sequence X ^ Y ^ Z there are natural morphisms 
S^i{X,Y) S\X) A S'^-'iZ) such that the sequences 

S^i^iiX, Y) -> S^,iX, Y) S'{X) A 
are coprojection sequences. 

Proof: Note first that it is clear from Lemma 12.171 that a choice of i : Z ^ Y defines a 
coprojection sequence of the required form. The point of the lemma is to show that this 
sequence is independent on the choice of i. 

To do so let us show that the obvious morphism 

V„>,>, (S'^iX) A ^ S\X) A (22) 

factors through the projection 

\/n>a>i A S^-'^iY)) ^ SUX, Y) (23) 

The proof of Lemma [2.171 implies easily that this projection identifies S^^{X,Y) with the 
image of the projector on the left hand side of ( |23|) of the form 

V„>,>,(^'^(X) A S^-'^iY)) = V„>,>, Vn-a>j>o S'^iX) A S'^-^-^iX) A S^{Z) ^ 

-> V„>,>,^^(X) A S'^-'iY) 

which maps 5'^(X) A 5"^"-J(X) A S^{Z) to 5"-J(X) A S^iY). The compositions of both the 
identity and this projector with (1221) are zero on the summands S°-{X) A S"'~"'~^{X) A S^{Z) 
with j ^ n — i and coincide with the canonical isomorphisms 

S'{X) A S%X) A S''~\Z) S'{X) A S''-\Z) 

on the only summand with j = n — i. Therefore fl22]) factors through (1251) . The fact that 
the resulting morphism extends the morphism S'5j+i(X, F) — )• S'5j(X, F) to a coprojection 
sequence is straightforward. 

For < a < b < n define objects 5^^(X, Y) by the coprojection sequences 

S^,{X, Y) ^ ~SUX, Y) ^ ~Sl,{X, Y) 

Summarizing the previous discussion and extending it to simplicial objects we get the fol- 
lowing theorem which described the behavior of with respect to coprojection sequences. 
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Theorem 2.19 Any term-wise coprojection sequence 

X ^ Z 

in A°^Rad{Cj^) defines in a natural way a collection of objects S'^^(X, Y) for < a < b < n, 
natural isomorphisms 

~SISX.Y) = S-{Y) 

and for any a = 0, . . . ,n 

Sl^{X, Y) = S^iX) A 
and for any 0<a<b<c<n coprojection sequences 

4\i,,(X, Y) ^ Sl,{X, Y) ^ ~Sl,{X, Y) (24) 

The fohowing coroUary describes a particularly useful in applications tower of coprojection 
sequences of the form f l21j) . 

Corollary 2.20 Under the assumptions of the theorem there is a tower of coprojection se- 
quences of the form 

S-{X) ^ S-{Y) ^ S-^_,{X,Y) 

S^{X) A ^ S-AX, Y) ^ SoVi(^, y) ^ = n - 1, . . . , 2 

X A S'^-^Z Sl^{X, Y) 

Proof: These are coprojection sequences for a = and c = 6 + 1. 

Using Proposition 14.181 one can easily reformulate an analog of Theorem 12.191 and Corollary 
I2.20l for cofiber sequences in any of the homotopy categories of C+ which we have considered. 

The following lemma is straightforward. 

Lemma 2.21 For any n > there is a family of natural in X & C+ coprojection sequences 

S'^'^X) ^ S"(X) ^ S"(X). (25) 

As a corollary of the fact that the isomorphisms and sequences of the lemmas are natural 
we conclude that they extends to objects of C* and further to objects of A°pC*. 

We let S°°{X) denote the colimit of the sequence 

S'^i-) ^ S\-) ^ S\-) ^ ... 
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in C*. Note that for X G C one has 

n>l 

however his decomposition is natural only for morphisms of the form /_|_ where / is a mor- 
phism in C and not for general morphisms in C+. 

We will also consider the functors 5'°°[l/(i] for integers d > defined by the formula 

S°°[l/d]{X) = colim{S^{X) ^ S^{X) ^ .. .) 
where xd is the multiplication by d map with respect to the abelian monoid structure of 

Lemma 2.22 For any X,Y eC* there is a natural isomorphism 

S°^[l/d]{X V F) = S°^[l/d]{X) X S^[l/d]{Y). (26) 

Proof: The maps X M Y ^ X and X M Y ^ Y define the map from the left to the right 
hand side of ( |26l) . To verify that it is an isomorphism we may assume that X = U+ and 
Y = Vj^ for U,V E C . The case d = 1 follows then immediately from Proposition 12.151 
The case d > 1 follows from the case d = 1 and the fact that finite products commute with 
filtered colimits. 

Corollary 12.111 together with the fact that {Nis, A^)-equivalences are closed under filtered 
colimits implies the following result. 

Corollary 2.23 For any d > there are unique functors IjS°°[l/d] on the Nis- and {Nis, A"^)- 
homotopy categories which are determined by the conditions that the square 

A^PC* A-PC* 



HNis,A^{C+) > -f^Afjs,A^(^+) 

and its analog for the Nis-local category, commute. In addition, for any ind-solid object F 
m A°PRad{C+) one has LS°^[l/rf](F) = S°°[l/d]{F) m both Nis- and {A\ Nis)-homotopy 
categories. 

Remark 2.24 Proposition 12.141 shows that if {X,x) is a radditive functor represented by 
a pointed scheme then S°° ( (X, x) ) is ind- represented by the usual infinite symmetric power 
colimi>QS"'{{X, x)) and the morphism LS'°°((X, x)) — )■ S°°{{X, x)) is in this case a projective 
equivalence. 
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2.2 Generalized symmetric powers on H]\[is^ji^i{Cor{C, R)) 



We continue to assume that the underlying category C is /-admissible. Set 

, , J 1 if char{k) = 

char(k) otherwise 

The number c{k) is sometimes called the characteristic exponent of k. In what follows we 
assume that c is invertible in our ring of coefficients R. We start with the following result. 

Proposition 2.25 Let X,Y E C and let G be a finite group acting on X. Then 

HomcoriCRm/G], [Y]) = HomcoricMi^l [Y]f 
i. e. [X/ G] is the categorical quotient for the action of G on [X] . 

Proof: It follows from the fact that the functor represented by \Y] on Sch/k is a qfh-sheaf 
by ||25l Proposition 4.2.7] and that for qfh-sheaves F one has F{X/G) = F{X)'^ . 



Proposition 2.26 For any permutation group $ = (G, : G — )■ Sn) there exist a unique 
(up to a canonical isomorphism) functor Sf^ : Gor{G,R) — > Cor{G,R) such that the square 



A' 



A' 



Cor{C,R) Cor{C,R) 



commute. 



Proof: In view of Proposition 12.251 we may define S"* by the rule 

^*(X+) = [Xf'/G. 
One verifies easily that the required squares commute. 



Remark 2.27 One can also define functors on Gor{G,R) corresponding to the un-reduced 
symmetric powers 5*. However, some of the important natural transformations between 
these functors on C+ do not extend to natural transformation over Cor. For example, the 
embeddings S'^{X) — )■ S'"'~^^{X) are not natural with respect to morphisms in Cor which can 
be seen by looking at the morphism d ■ Id : [X] [X] for d > 1. 



35 



Let $ be as above, i : H ^ G a. subgroup of G and \1/ the permutation group {H, ip = (poi). 
Assume for a moment that H is normal in G and consider finite correspondences with 
coefficients in a commutative ring R such that d = [G : H] is invertible in R. Then for any 
X in Rad{Cor{C, R)) there is an action of G/H on 5'*(X) and it is more or less obvious 
that Sfj.{X) is the direct summand of G/if-invariants in Sf^{X). We will need an analog of 
this observation in the case when H is not necessarily normal in G. 

For any g E G let "ifg be the permutation group corresponding to the subgroup H fl gHg^^ 
of G. Then for any X in Gor{C, R) there are two morphisms 

p:Sf/iX)^SUX) 

p' : St%X) ^ StiX) 

where 

p : X^^'/iH n gHg-^) X^^'/H 

is the projection and p' is the map whose composition with X®" — )■ X®^/{H fl gHg~^) is 
X ^ gx followed by the projection. 

Theorem 2.28 Let d = [G : H] he invertible in the ring of coefficients R. Then for any X 
in Cor{C, R) there is a split cocomplete- equalizer sequence: 

®g^GSl<'{X)^Sl{X)^St{X) 

where the two arrows are given by p and p' on each summand. 

Proof: In view of Proposition 12.251 the theorem is a particular case of Proposition 14.101 

Corollary 2.29 Under the assumptions of the theorem assume in addition that H is normal 
in G. Then 

i.e. Sfj.{X) is the image of the projector d"^J2ueG/H'^ acting on Sfj.{X). 

As in the case of the symmetric power functors on C+ we will write 5** instead of (5'*)''°''^ for 
the radditive extensions of these functors. Note that Theorem 12.281 and Corollary 12.291 im- 
mediately extend to the functors S"* on Rad{Cor{G, R)) and further on /S.°'PRad{Gor{C, R)). 



Remark 2.30 Note however, that the definition of Sf^{X) as the categorical quotient of 
X®" by the permutational action of G extends to Cor{C, R)"^ but not to Rad{Cor{C, R)). 
Even for X G Cor{C,R), the quotient S%{X) is not the quotient of the radditive functor 
X*®" by the action of G in Rad{Cor{C, R)). The later exists and maps to S'*(X) but this 
map is almost never an isomorphism or even an {Nis, A^)-equivalence unless the projection 
X®" ^ ^*(X) splits. 



36 



Theorem 2.31 For any R such that c{k) is invertible in R and any $ = {G, (f) : G ^ S'„) 
the functors S"* take Nis- (resp. {Nis, A^)-) equivalences between objects of A°PCor{C, R)* 
to Nis- (resp. {Nis, A^)-) equivalences. Therefore, there are unique functors LS** on the 
Nis- and [Nis, A^)-homotopy categories which are determined by the conditions that the 
squares 

A"PCor{C,R)* A°PCor{C,R)* 



HN,sMCoriG,R)) — ^ HNi^MCoriCR)) 
and their analogs for the Nis-local categories, commute. 

Proof: Let X, Y be objects of A°PCor(C, i?)* and / : X — )• F be a Xis-equivalence. Then 
by Theorem 14.201 we have / G cl^{[Gj\fis]). As any radditive extension, the functor takes 
A-closures to A-closures. On the other hand [Gatis] = A\{Gms)+) and 

SfM\{Gms)+)) = A'(S*((Gjv.s)+)) C A\di{iGms)+) n A^^Cj) C ch{{Gms)+) 

where the equahty holds by Proposition \2.2Q\ the first inclusion by Theorem 12.51 and the 
second inclusion by Theorem ll.7[ The same argument applies to the case of {Nis,A^)- 
equivalences. 

Let us consider now in more detail the case of ordinary symmetric powers 5'^'^. Generalizing 
a particular case of Corollary 12.291 to radditive functors we get: 

Lemma 2.32 Let n be an integer and R be a ring where n\ is invertible. Then for any X in 
A°PRad{Cor{C, R)) the obvious morphism X*^" — )■ S'^"(X) defines an isomorphism between 
S^j.{X) and the image of the projector (1/n!) J^aeSn X'^"-. 

Proposition 2.33 Let n be an integer, I a prime and n = ^nj/* the l-primary decomposi- 
tion of n. Let further R be an l-local ring (i.e. a ring where all primes but I are invertible). 
Then for any X in A"PRad{Cor{C, R)) there is a split epimorphism 

Pn,i : mSlrriXyr- ^ SUX) (27) 
such that both Pn,i and its section are natural in X. 

Proof: Denote temporarily by the permutation group {Si, Id). For a sequence of non- 
negative integers q = {qi, ■ ■ ■ ,qk) consider the permutation group 
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where n = 

By Propositions 12.21 and 12.31 the left hand side of f l27p is canonically isomorphic to S'*(X) 
where $ = $;,„(X) for n = (no, . . . , n^, . . .). The morphism pn^i is associated with the 
embedding Gi^n Sn- Using the fact that n is the /-primary decomposition of n and 
computing how many times / divides n! one concludes that [Sn '■ Gi^n\ is prime to / and 
therefore invertible in R. Our result follows now from Theorem 12.281 

Proposition 2.34 For any n > there is a natural in X,Y & A'^Rad{Cor{C, R)) family 
of isomorphisms of the form 

SliX (BY) = ®^>oSl{X) ® Sl-\Y) 

Proof: The same reasoning as in the proof of Proposition 12.151 shows that it is sufficient to 
consider the case when X, y G Cor{C, R). Then we have morphisms 

SUX)®S^-\Y)^SUX(BY) 

which are obvious from the definition of Sl^. as {—)^^/Si. These morphisms are clearly natural 
in X and Y. On the other hand they are compatible with the morphisms which define the 
isomorphism of Proposition 12.151 and therefore their sum gives an isomorphism. 

Corollary 2.35 Let {Xa)aGA be a family of objects in A°PRad{Cor{C, R)) . Then one has 

(0 X.) = stix^, ® . . . ® stx.^. 

where S'^A is the n-th symmetric power of the set A, ki + . . . + km = n and ai, . . . , am are 
pairwise distinct. 

By exactly the same reasoning as in the proof of Theorem 12 . 1 9 1 we get the following results. 

Theorem 2.36 Any term-wise coprojection sequence 

X ^Y ^ Z 

in A°PRad{Cor{C, R)) defines in a natural way a collection of objects ^^^^(X, F) for < 
a <b < n, natural isomorphisms 

^tr,0,n{X,Y) = S^j.{Y) 

and for any a = 0, . . . ,n 

Sl^^^SX.Y) = St{X)®Sl-\Z) 
and for any 0<a<b<c<n coprojection sequences 

^tr,b+l,c {X, Y) ^ Y) ^ Y) (28) 
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The following corollary describes a particularly useful in applications tower of coprojection 
sequences of the form (^^. 

Corollary 2.37 Under the assumptions of the theorem there is a tower of coprojection se- 
quences of the form 

SliX) ® St-\Z) ^ Sl^.^^X, Y) ^ 5r,,o,-i(X, Y) t = n-l,...,2 

Proof: These are coprojection sequences (128|) for a = and c = b + 1. 

Using Proposition 14.181 one can easily reformulate an analog of Theorem 12.361 and Corollary 
12.371 for cofiber sequences in any of the homotopy categories of Cor{C,R) which we have 
considered. Below we do it in the case of HNis,A^{Cor{C, R)). 

Proposition 2.38 For any n > and any cofiber sequence 

X -^Y ^ Z ^ S^X 

in Hj^ig j!^i{Cor{C, R)) there are objects LS'^" „^(X, Y) such that for < a < n one has 
and 

^Str,0,ni^^Y) = LS^^Y, 

and cofiber sequences 

^Sl^k+,/X, Y) ^ L5,;^,/X, Y) ^ L5,;„^,(X, Y) ^ SiL5,;,^i^^.(X, Y). (29) 

Corollary 2.39 Under the assumptions of the proposition there is a tower of cofiber se- 
quences 

LS'"^X LS'f^F LS'"^o „_;^(X, Y) S^LS'^^X 

L5tX ®L l^Slr'Z ^ l^Sl^oA^, ^) ^ L5rr,o,-i(^, Y) ^ ^^(L^.V^ ®l l^S^-'Z) 
for i = n — 1, . . . , 2 

X (8l ^Sl'^Z LSl^Q^^{X, Y) I.SIZ Si(X ®l L^t""'^) 
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The usual problems with the lifting of morphisms of cofiber sequences in homotopy categories 
to morphisms in the model categories prevent us from asserting that the cofiber sequences 
of symmetric products of Theorem 12.381 and Corollary 12.391 are natural with respect to 
morphisms of the base cofiber sequence. Due to this issue and in view of Proposition 14. 181 we 
will formulate the results below in the context of coprojection rather than cofiber sequences. 



Definition 2.40 An object X of HNis^x^{Cor{C,R)) is called even (resp. odd) if the per- 
mutation isomorphism a:X^X^X^Xis the identity (resp. the multiplication by 

-V- 

We have the following obvious fact. 

Lemma 2.41 Tensor product of two odd or two even objects is even. Tensor product of an 
odd and an even object is odd. 

Lemma 2.42 Let X be an even (resp. odd) object. Then S^X is odd (resp. even). 

Proof: It follows from the fact that SjX = X ® S} and that S} is odd. 

Lemma 2.43 Let R be an l-local ring, X an object of Hj^ig js^i{Cor{C, R)) and 1 < n < I 
an integer. Then one has: 

1. ifXis odd then Sl{X) = 0, 

2. if X is even then the map X®" — )■ S^^{X) is an isomorphism. 

Proof: Since the projection A°PCor{C, R)* H^is^A^ is an additive functor Proposition 
12.321 implies hat S^J.{X) as an object of Hf^i^^^i is the image of the averaging projector. 
Therefore for an even X we get X. The number of elements in Sn is even for tt, > 1 and 
therefore for an odd X and n > 1 we get zero. 

Let \& be the permutation group {G,i : G ^ Si) where G = Z/l is embedded into Si as 
the subgroup generated by the cycle (1 . . ./). The symmetric power 5* associated with 
is the l-th cyclic power. The quotient N{G)/G where N{G) is the normalizer of G in Si is 
canonically isomorphic to Aut{Z/l) = (Z/l)*. The definition of 5** shows that this quotient 
acts on Sfj.{X) for any X in a manner natural in X. If / — 1 is invertible in R then we may 
define the direct summand Sf^{X)/Aut{Z/l) of coinvariants of this action and Corollary 12.291 
implies that it is naturally isomorphic to S"^ (X) where \E'' corresponds to N{G) G Si. In 
particular, the we get a natural morphism Sfj.{X) / Aut{Z / 1) — )■ Slj.{X). 
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Proposition 2.44 Let R be an l-local ring and X an object of A°PCor{C, i?)* which is even 
in HNis,A^iCor{C,R)). Then the morphzsm Sl{X) / Aut{Z / 1) SKX) is an {Nis.A^)- 
equivalence. 

Proof: Let us apply Theorem 12.281 to the natural transformation of functors Sf^ — )■ Sl^ on 
X. Since Z/l has no non-trivial subgroups, one has gGg~^ = G or G ngGg~^ = {e} for any 
g E Si- Therefore, we can re- write the first term of the split coequalizer diagram of Theorem 
12.281 as {®g(^N{G)Sfy.{X)) © {®geSi\N{G)X®'') with the two arrows differing by the action of 
N(G) on Sf^{X) on the summands of the first type and by the action of 5*; on X®' on the 
summands of the second type. Since split equalizer diagrams are absolute i.e. preserved by 
all functors (see e.g. [121 P-149]) the image of this diagram in Hiyis^A^{Cor{C, R)) is still 
a split coequalizer diagram. Since the action of Si on X®' in this category is trivial we 
conclude that Sl{X) = Sl{X)/Aut{G). 

Proposition 2.45 Let R be an l-local ring and n < I. Let 

X ^ Z ^ S^X 
be a coprojection sequence in A"PCor{C, R)^ . Then one has: 

1. If X is odd in Hj^ig js^i{Cor{C,R)) then there are natural coprojection sequences of the 
form 

SUX) ^ SUY) ^ 5r,,o,n-i(^, Y) (30) 

X ® St-\Z) ^ S,';,o,i(X, Y) ^ SUZ) (31) 
and a natural {Nis, A^)- equivalence S'"^q .^_i{X,Y) — S^^q ^{X,Y) . 

2. If Z is odd then there are natural coprojection sequences in of the form 

Sl{X) ^ Sl{Y) ^ 5,;o,._i(X, Y) (32) 

si-\x) ®z^ 5;:,o,„-i(^, y) ^ o,„-2(^, y) m 

and a natural {Nis, A^)- equivalence 5^" q„_2(^) ^) ~^ ^tri^)- 

Proof: The sequence fl5U]l is the first one and the sequence 0311) the last one of the family 
of sequences in Corollary 12.391 The remaining sequences of the family give us morphisms 

^tr,0,n-li-^ ^ F) — 7- . . . — 7- S^^Q i{X, Y) 

which are (Xzs, A^)-equivalences by our assumption on X, Lemma 12.431 and Proposition 

H:T8r3). 
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Similarly, the sequence ( 132|) is the first and (133|) the second of the sequences of Corollary 
12.391 The rest of the sequences define morphisms 

which are (A^is, A^)-equivalences by our assumption on Z, Lemma 12.431 and Proposition 

Kms). 

Corollary 2.46 Let I be a prime, R be an l-local ring and X is an object of A"'PCor{C, i?)*. 
Then one has: 

1. If I = 2 or X is odd in H]\fisji^i{Cor{C, R)) then there is a cofiber sequence of the form 

j^i-ix^i j:'sUx) sUj:Ix) s^x^'. (34) 

2. If I = 2 or X is even in Hi\fisji^i {Cor{C, R)) then there is a cofiber sequence of the form 

Ejx®' -> j:'sUx) sUj:Ix) s^x®'. (35) 

Proof: There is an obvious coprojection sequence 

X Cone{X) S^X (36) 

where Cone{X) is the simplicial cone of X. Applying to this sequence Proposition 12.451 and 
using Lemma [2.43( 2) and Lemma [2.421 we get the required sequences. 

We will now consider the finite correspondence versions of the infinite symmetric power 5°°. 



Proposition 2.47 For any X in C+, any n > and any R the sequences 

A^^"(X) ^ A^^"+i(X) ^ A^^"+i(X) = Sl-^\X) 

are split exact in a manner natural in X. In particular, there are natural in X E C+ 
isomorphisms 

A^(5-(X)) = ©,>i5,V(A^W)- 

Proof: Let * : Spec{k) — )■ X denote the distinguished point of X and S'""^(X) — )■ S'"(X) 
the the inclusions given on the level of the products by (xi, . . . , x„_i) i— ?■ (xi, . . . , *). 
We need to construct maps 

A'^"(X) ^ A'5""^(X) 
which split the morphisms in Cor defined by these inclusions. Since 

A'5"(X) = A'(X"/5„) = A\X'')/Sn 

(by Proposition 12.251) it suffice to construct maps s„ : A'X" — )■ A'X"~^ such that 
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1. A'X" 'A A'X" ^ (A'X"~i)/5„_i is invariant under the action of 5„ on X", 

2. A'X"-i A'X" ^ A'X"-i is the identity. 

Let {n} be the set {1, . . . ,n}. Any map / : {m} — )■ {n} defines in the obvious way a map 
/x : X" ^ X™. Forn > 0, define s„ : A'X" ^ A'X"-i by the formula 

Sn= E X (*)("-™-^)] 

0<m<n— 1 i:{m}— >-{n} 

where i runs through all order preserving monomorphisms {m} — )■ {n}. For example, for 
n = 3 we get 

S3 = [^^^1,2] + [pr2,z] + [pri,3] - [pri x *] - [pr2 x *] - [pra x *] + [* x *]. 

where pvi-^^^^^^i^ corresponds to the map i : {m} {n} whose image is {«!,...,«„}• One 
verifies easily that the maps s„ defined in this way satisfy the two conditions stated above. 

Set = ©„>iSi",. For [X] G Cor{C, R) the morphisms S'{X) A S^{X) ^ S'+^{X) define a 
morphism 

5-([X])®S-([X])^5-([X]) 

which makes ^^^([X]) into a commutative monoid relative to 0. One verifies immediately 
that this monoid structure is natural for morphisms in Cor{C, R). 

Combining Proposition 12.261 with Proposition 12.471 and extending them to radditive functors 
we get the following result. 

Proposition 2.48 There is a commutative square of functors 

Rad{C+) Rad{C+) 

4' 4' 

coo 

Rad{Cor{C,R)) Rad{Cor{C, R)) 

Note that the functor S'°°[l/(i] does not extend to a functor on Cor since the definition of 
the "multiplication by d" maps S"" — 5'"°' involves the diagonals which are not functorial 
for morphisms in Cor. 

Proposition 2.49 For any X, Y in Cor{C, R) there is an isomorphism 
S^{X (BY) = [S^{X) ® S^{Y)] © S^{X) © S^{Y) 
which is natural in X and Y . 
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Proof: We have 

[S^{X) ® S^{Y)] © S^{X) © S^{Y) = ^triX) © SUY) = 

i,j>0,i+j>0 

= E E ^triX) © S--\Y) = S^{X © Y) 

n>0 i>0 

where the last equahty holds by Proposition 12.341 

Proposition 2.50 The functor take {Nis, A^)- equivalences between objects of A°^Cor'^ 
to {N is, A^)- equivalences. In particular there exist unique up to a canonical isomorphism 
functors 

such that the squares 

ooo 

commute. 

Proof: Follows immediately from Theorem 12.311 and the fact that [Nis, A^)-equivalences 
are closed under direct sums. 

Remark 2.51 All the results proved in this section for Hi\iis^js^i{Cor{C, R)) also hold for the 
intermediate homotopy categories H{Cor{C, R)), Hx^{Cor{C,R)) and HNisiCoriC, R)). 

2.3 The motive of 5^(r") 

Everywhere in this section I is a prime not equal to char{k). The underlying category C 
will be the category of quasi-projective schemes. Let T" = a+^Nis{A"-/{A"- — {0})) be the 
standard model of the motivic n-sphere and 

L„ = LA'(T") = A'(L,(r")) 

its image in Hjqis^p^i{Cor{C, R)). The goal of this section is to compute the isomorphism 
class of 'LS\^{Ln) in the case when R = Fi. 

Recall that for a linear representation p : G ^ Aut(y) of a finite group V we let Th{p) 
denote the quotient sheaf (in the Nisnevich topology) 

Th{p) = a+,ms{V/V - {0}) 
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where V and V — {0} are considered as representable sheaves on quasi-projective G-schemes 
(see [2S])- Applying the functor Quote on sheaves we get a pointed sheaf QuotG(Th{p)) on 
Cms- Since Quote commutes with colimits and coincides with the scheme-theoretic quotient 
on representable sheaves we have 

QuotaiThip)) = {V/G)/{{V - {0})/G). 

We start by computing the isomorphism class of 'LA} QuotciTh^p)) in H^ig js^_i {Cor{C, R)) in 
the case when p is a representation of the cyclic group Z/l and R is any commutative ring. 
Similar computations were done independently by Nie (see [IS]). In what follows quotients, 
wedge products etc. are considered in the category of pointed Nisnevich sheaves i.e. after the 
application of the associated sheaf functor to the result of the corresponding construction in 
radditive functors. 

Let us say that a linear representation p : Z/Z — )■ Aut{V) is free if the corresponding action 
of Z// on — {0} is free. Since char{k) ^ I, any nontrivial representation p has a canonical 
decomposition into a direct sum p = A © r where A is free and r is a trivial. As was shown 
in [22] one has an isomorphism of sheaves 

Quotz/iiTh{X © r)) = Quotz/iiTh{X)) A T'^ 

where d = dimij). Therefore it is sufficient to consider free representations p. For a linear 
representation of any G we have 

QuotciTh^p)) = QuotG{y)/QuotG{y - {0}) 

because Quota is a left adjoint and therefore commutes with colimits (see |3l §5.1]). Set 

Xp = QuotaiV - {0}) = {V- {0})/G. 

Since V is G-equivariantly A^-contractible, the pointed sheaf QuotciV) is A^-contractible 
and therefore QuotaiThip)) is the unreduced suspension of Xp i.e. there is a cofiber sequence 
in H^ig js^_i{C+) of the form 

(X,)+ ^ S° ^ QuotaiThip)) ^ Si((X,)+). (37) 

Since we consider representations of a cyclic group, the scheme Xp is smooth and the full 
embedding part of Proposition 11.191 together with Theorem 11.151 imply that we may do our 
computation in the more familiar context of the triangulated category DMj^-^ ik, R). To 
keep in concordance with our earlier notation we will write M(X) instead of iVAris,Ai (AT). 

Shifting the image of the cofiber sequence (137|) in DMj^^ by one step to the left and taking 
into account the canonical isomorphism M(S'°) = R we get a distinguished triangle 

MiQuotaiThip)))[-l] ^ M((Xp)+ ^ F, ^ MiQuotaiThip))) 

Since dimiV) > 0, the map M((Xp)_|. — )• i? is an epimorphism which is split by any rational 
point of Xp and its kernel is canonically isomorphic to the reduced motive MiX^ho) of the 
non-pointed scheme Xp as defined in ^21 p.l92]. Therefore we get the following result. 
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Proposition 2.52 Let A : Z/Z — )■ Aut{V) be a non-trivial linear representation of the cyclic 
group and A = p © r be its decomposition into the direct sum of a free and a trivial represen- 
tation. Then QuotG{Th{X)) G H j^isj^i{{Sm / k) j^) and there is a natural isomorphism 

M{QuotG{Th{X))) = M{Xp){d)[2d+l] 

where d = dim{T). 

Let us assume now that R = F^. Since the action of Z/l on V — {0} is free the projection 
V — {0} — )■ Xp is an etale Galois covering with the Galois group Z/l which defines a class 
Up G Hl^{Xp, Z/l). This construction is clearly natural i.e. the following lemma holds. 

Lemma 2.53 Let p : Z// — Aut{V), a : Z/l Aut{W) be two free representations and 
f : W — {0} V — {0} be an equivariant morphism. Then one has 

Ua = Quotz/lifYUp. 

To obtain a motivic interpretation of Up let us consider the following construction. Let mi be 

the object of DMj^^ {k,Fi) corresponding the sheaf with transfers p; = ker{Gm ''-i Gm)- 
If k contains an l-th root of unity then a choice of such a root defines an isomorphism 
F; — )■ m;. In general, mi is an Artin motive which is a direct summand of the motive of 
the zero dimensional smooth scheme Speck[t]/{{x'' — l)/(x — 1)). In particular the dual m^ 
to mi is well defined and there is a canonical isomorphism ® — )• F;. The object mf'^ 

corresponds to the etale sheaf pf* and in particular mf^^ ^'^ = F/ and = mf^^ 

Lemma 2.54 For any smooth scheme X there is a canonical isomorphism 

Hl,{X,Z/l) = HomnM{M{X),m*{l)[l]) (38) 

Proof: In DM'L^J^ we have F;(l)[l] = mi since Gm ^-^ Gm is a surjection in the etale 
topology. Therefore in DMj^^^ we have a canonical isomorphism m*(l)[l] = F;. This defines 
a map from the right hand side of fl38|) to the left hand side. To verify that this map is an 
isomorphism it is sufficient by the usual transfer argument to do it over an extension of k of 
degree prime to / which contains an Z-th root of unity. Then it becomes isomorphic to the 
well known isomorphism ifg^(X, p;) = H^'^{X,Z/l). 

Using the isomorphism of Lemma 12.541 we may consider 1i — Up clS Sb morphism M{Xp) — )■ 
m^*(l)[l]. Applying to it an obvious analog of the Bockstein homomorphism we get a mor- 
phism 

v = m-MiXp)^mnim. 
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Using the tensor structure of DM and the diagonal of Xp we further define the "product 
classes" 

v' : M{Xp) {m;)'^\i)[2i] 
uv' : M{Xp) (m;)®(*+i)(z + l)[2i + 1]. 
where : M{Xp) — )■ is the canonical morphism. 

Proposition 2.55 The morphism 

n-1 

Hp) = ®^=o{v' © ^v') ■■ M{Xp) ^ 0((mr)«^(z)[2z] © (mr)^(^+i)(z + l)[2i + 1]) (39) 

1=0 

where n = dim{p), is an isomorphism which identifies M{Xp) with the sub-object of the 
right hand side of the form 

n-1 

M{Xp) = mr(l)[l] © 0(K)«^(^)[2z] © K)®(^+i)(z + l)[2^ + 1]) 

1=1 

Proof: By the usual transfer argument we may assume that k contains an l-th root of unity 
C,. Then our representation V can be written canonically as a direct sum ©Kn where the 
restriction of p to Vm takes 1 to the multiplication by The condition that p is free means 
that n = dim{p) > and Vq = 0. 

Consider first the case when V = Vi. Then [3ll Lemma 6.3] implies that Xp is canonically 
isomorphic to the complement to the zero section of the line bundle 0{—l) on P"~i and our 
result follows easily by computations similar to the one in [MJ pp. 18-19]. 

Consider now the general V = (BVm- Denote by W the same space as V but considered as 
a Z//-scheme with respect to the representation a where a{l) = {w ^ ^w). Let us choose 
a basis (cij) in each Vj. Let p : W ^ V he the morphism which takes 
This morphism is clearly Z//-equivariant and maps W — {0} to \^ — {0}. Since m runs 
from 1 to / — 1, the resulting morphism q : W — {0} V — {0} is finite and surjective 
and of degree J^m"^*™^™ which is prime to /. The same is then true for the morphism 
p = Quotz/i{q) '■ Xa — > Xp. Since we work with coefficients the morphism of motives 
M{p) is a split epimorphism. 

Consider now the class Up. By Lemma 12.531 we have p*{up) = Ua and therefore we have 
I{p) o M{p) = I{a). Since M{p) is a split epimorphism and I (a) is an isomorphism we 
conclude that both M{p) and I{p) are isomorphisms. 

The part of the proposition describing M{Xp) follows immediately from the fact that f ° is 
the canonical morphism M{Xp) — )■ F;. 
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Corollary 2.56 Let A : Z/Z — )■ Aut{V) be a non-trivial linear representation of the cyclic 
group and A = p © r be its decomposition into the direct sum of a free and a trivial represen- 
tation. Then there is a canonical isomorphism in Hj^is js^i{Cor{C,Fi)) of the form 

M{Quotz/i{Th{X))) = 

= ^0(K)^'(^ + d)[2t + 2d] © imX\i + d)[2i + 2d+ 1]) j ©K)®"(rf+n)[2d+2n] (40) 
where n = dim{p) and d = dim{T). 



We will consider now a special case when \:7a/1^ AutiV) is the direct sum of n copies of 
the regular representation of Z/Z. The additional feature which appears in this case is the 
action of the automorphism group U = (Z//)* of Z/Z on V. Let us denote this action by 
s : (Z//)* — )■ Aut{V). It does not commute with the action defined by A i.e. the morphisms 
s(m) are not Z//-equivariant but for any a G (Z//)* the square 

V-{0} V-{0} 



A(l) 



A(a) (41) 



V-{0} V-{0} 

commutes. Therefore s defines an action of (Z/Z)* on the related quotients and in particular 
on Quotz/i{Th{V)) and we write 

r(a) : Quotz/iiTh{V)) ^ Quotz/iiTh{V)) 

for the automorphism corresponding to a G (Z//)*. 



Proposition 2.57 Let p be the direct sum of n > copies of the regular representation of 
Z/l. Then the isomorphism of Corollary \2.56\ is of the form 

M{Quotz/i{Th{p))) = 

((mn®*(« + n)[2i + 2n] © {m^f'ii + n)[2i + 2n + l])\ © {m*f{nl)[2nl] (42) 
With respect to this isomorphism the morphism M(r(a)) is of the form 

jn{l-l)-l \ 

M(r(a)) = (a^Vrf © a-Vrf) © a-"('-^) Jrf (43) 
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Proof: In the decomposition 

Vp = V^®V, (44) 

of V into the free and trivial parts we have dim{Vx) = n{l — 1) and dim{Vr) = n which 
imphes the first part of the proposition. To prove the second part observe first that the 
decomposition ( 14^ is invariant under the action of (Z//)* and that the corresponding action 
on Vr is trivial Therefore, the action of (Z//)* on ( H2|) is determined by its action on 
M{Xx). The action of any endomorphism of Xx on its motive is determined by its action 
on the motivic cohomology class Ux- 

In view of fj4T|) we may consider s{a) as an equivariant morphism assuming that the action 
on the first copy of Vx — {0} is given by A and on the second copy by Xa where Aa(l) = A(a). 
Applying Lemma [2.531 we conclude that s{a)*{ux) = ■ ux which implies our result. 

We are ready now to prove the main theorem of this section. Recall that we let L„ denote 
the image LA'(r") of T" in i/^i,,Ai(Co^(C, ^))- 

Theorem 2.58 Let I he a prime and k he a perfect field of characteristic ^ I. Let C he 
the category of quasi-projective schemes over k. Then for any n > there is a natural 
isomorphism in Hj^is js^i{Cor{C, F^)) of the form 

n-l 
1=1 

Proof: By our definition of L„ we have L„ G A°PCor{C, R) and in particular LS'j^(L„) = 
S\^{Ln)- By [14, Corollary 15.8], L„ is an even object and therefore Proposition 12.441 applies 
i.e. 

Sl{L^) = Sl{L^)/Aut{Z/l) = Sl{K\L^{T-)))/Aut{Z/l) = 

= A'5*(L,(T"))/AMt(Z//) = LA'5*(L,(T"))/AMt(Z//) 

where \& = (Z//, Z// — )■ Si) is the permutation group responsible for the cyclic product. 
Since is a solid sheaf we further have by Theorem 12.51 a A^zs-equivalence 

LA'5'^(L,(T"))/Aut(Z//) = LA^5'^(T")/v4Mt(Z//) 

By Proposition 12.121 we have (after taking the associated sheaves) 

^■^'(T") = S^iAD/iS^iAl) - 5*({0}+)) = Quotz/iTh{p) 

where p is the direct sum of n copies of the regular representation of Z//. It remains to apply 
Proposition 12.571 taking into account that ((mf)®*)/(74ut(Z//)) = if z 7^ 0{mod{l - 1)) and 
{{m^)^')/{Aut{Z/l)) = Z/l otherwise and Theorem [113 



49 



Example 2.59 Let = LA^(S'") be the unstable version of F{n)[n]. Then = L„ and 
/„ is an odd or an even object depending on the parity of n. Therefore we may use Theorem 
12.581 together with Corollary 12.461 to try to compute LS''j,(/„). One can see immediately 
that there exists such that S^L5''j,(Z„) can be obtained from elementary Tate object k 
with i < / ■ n by taking cones of morphisms i.e. that S^LS''^(/„) is s-stably a mixed Tate 
object. Let us compute S'^L5''.^(Z2) over an algebraically closed field of characteristic zero 
more explicitly. 

Let X = Then X is odd and applying to it Corollary 12.461 we have a cofiber sequence 

_^ j]^i^sl{x) lsI{j:^x) s'x®'. 

Since S^X = L2 we can rewrite it as 

E2'-i/2, ^ ^'LSUX) ^ LSUL2) ^ J^'^hi (45) 
Theorem 12.581 shows that in the motivic notation the sequence is of the form 

Fi{2l)[Al - 1] ^ S^L^U^) ^ Fi{2l)[Al] ®Fi{l + l)[2l + 2] © F^/ + l)[2l + 3]% Fi{2l)[Al] 
for some morphism di. 

Since the topological realization of T^-^Sf is the 3-sphere we know that the ordinary homology 
of LSl^{X) are of the form H21+1 = H21+2 = and the rest of the homology groups are 
zero ([rn). Together with the properties of the topological realization functor considered 
in Section 13.31 this implies that for I > 2 the morphism di is an isomorphism on the first 
summand and zero on two other summands and therefore 

^^LSUX) = Fi{l + l)[2l + 3]®Fi{l + l)[2l + 4]. (46) 

Applying Corollary 12.461 to I2 we get a cofiber sequence 

j:H2i ^ ^'LsUk) ^ LsUx) ^ 

or in the motivic notation 

Fii2l)[2l + 1] ^ ^^i^Slik) ^ SUX) ^ Fii2l)[2l + 2]. 
Suspending it twice and using fHBl) we get 

F;(2/)[2/ + 3] ^ S^LS^/a) ^ Fi{l + l)[2l + 3] © Fi{l + 1)[2/ + 4] ^ Fi{2l)[2l + 4]. 

for some morphism 82- The restriction of 82 to the first summand belongs to the group which 
is isomorphic to H^'''^^{k, Fi) and which is zero since the base field is algebraically closed (see 
[]). It remains to compute the restriction of 82 to the second summand. Topologically, is 
a 2-sphere and applying again the topological realization functor we conclude that L5''^(/2) 
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has only one non-trivial ordinary homology group in dimension 21. Therefore, the restriction 
of 82 to the second summand is a morphism of the form 

r':FK/ + l)[2/ + 4] ^ F,(2/)[2/ + 4] 

which defines an isomorphism on ordinary homology. Up to the multiplication by an ele- 
ment of (Z/Z)* there is a unique such morphism which corresponds to the generator ti^i of 
H^'''~^{Spec{k), Z/Z) and we conclude that there is an isomorphism of the form 

^^LSUh) = Fi{l + l)[2l + 4] © coneir') 

The topological realization of cone{T') is trivial and does not affect the ordinary homology 
of LiSl^{l2) but the object itself is non-trivial. In particular, neither L5'j^(/2) nor any of its 
suspensions is a direct sum of elementary Tate objects. 



2.4 Split proper Tate objects 

In this section we assume that the coefficient ring used to define finite correspondences is a 
field F and that the base field k is perfect. 

Definition 2.60 An object X in H]\fis A.i{Cor{C,F)) is called a split proper Tate object if 
it is isomorphic to a coproduct (direct sum) of objects of the form ^^Lj for i > 0. 



We denote the full subcategory of split proper Tate objects by SPT. Let further SPTn 
(resp. SPT<n, S'PT>„) be the full subcategory in SPT which consists of direct sums of 
objects of the form S'^Ln (resp. T^^Lm for m < n, m > n). All these subcategories are 
clearly closed under direct sums and tensor products. 

Since objects Lj belong to Hj^ig j!^i{Cor{Sm/k,F)), Theorem II. 151 is applicable and we may 
consider SPT as a subcategory of DMt^^ . In the standard DM notation this subcategory 
consists of direct sums of objects of the form F{n)[m] with m > 2n. We will also work with 
the subcategory SDT (resp. SDT<n etc.) in DMj^^ which consists of all direct sums of 
elementary Tate objects F{n)[m] for > and m G Z which exist in DM-. 

Let us recall the following key result. 

Theorem 2.61 (see [35]) Let k be a perfect field. Then for any Y G DMj^-^ {k, F) we 
have: 

HomDMiY,F{t'-t)[j'-j]) hri'>t 
for i' < i 



HomDMiYit)[j],Fit')[f]) = 
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Lemma 2.62 For any n> the subcategory SDTn is ahelian, semi-simple and closed under 
cones i.e. if in a distinguished triangle X Y ^ Z ^ -^[1] one has X,Y E SDTn then 
Z G SDTn and the same holds for SPTn- 

Proof: By Theorem 12.611 together with the fact that 

Homr>M{F,F\i\) = HP'%Spec{k), F) 
we conclude that for any n 

HomDM{F{n)[i],F{n)[j]) = 

Therefore, the functor 



F for z = 
for z 7^ 



F for z = j 
for i ^ j 



M ^ ®iHom{F{n)[{\,M) 



defines an equivalence between SDTn and the category of graded vector spaces (^)iez over 
F such that = for i <^ which maps SPTn to the subcategory of spaces such that 
Vi = for i < 2n. This shows that both categories are abelian and semi-simple. Let 

X — i- y — 7- Z — X[l] be a distinguished triangle with X,Y E SDTn- Since SDTn is abelian 
and semi-simple, the morphism / is isomorphic to a morphism of the form 

ker{f) © Im{f) coker{f) © Im{f) 

Since the cone of a direct sum of two morphisms is the direct sum of cones it remains to 
verify that Z G 'SDTn (resp. Z G JDTn) if X, y G JDTn (resp. X, y G 'SPTn) and / = 
or / = Id, which is obvious. 



The following construction which we give here in the context of SDT is a particular case 
of the general slice filtration constructions and can be extended to a much wider class of 
motives (see e.g. [55]). 

For X G DMj^^ and n G Z consider the sub-functor of the functor representable by X on 
DMj^^ which consists of morphisms Y ^ X which admit a factorization of the form Y — > 
Z{n + 1) X. Theorem [MD implies immediately that for X = ©i>o,iezi^(«)[j]®"^*'^'^ G 'SDT 
this sub-functor is represented by a direct summand s>„(X) of X which is identified with 

©i>n,,ezi^(^)[j]®"(^'^'). Set s<„(X) = X/5>„(X) and 

s„(X) = s>„_i(X)/s>„(X) = ker{s<nX s<„_i(X)). 

This construction provides for each X G SDT a collection of split distinguished triangles of 
the form 

s>„X ^ X ^ s<nX ^ s>„X[l] (47) 

and 

SnX ^ S<nX ^ S<n-lX -> S„X[1] (48) 

whose terms are in SDT and which are natural in X and commute in the obvious sense 
with the shift functor. 
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Remark 2.63 Note that for X = ®ijF{i)[j]®'^'^''^^ we have 

1. s>„X = ©i>„,jF(i)[j]®™(^'J) as a subobject of X, 

2. s<nX = ©i<„jF(i)[j]®™(^'^) as a quotient object of X. 

We also have isomorphisms s„X = (BjF{m)[j]®"^^^'^^ and in particular there is an isomor- 
phism X = ©„s„X. However, this last isomorphism is not natural in X. 



Proposition 2.64 Let X = ®aeAF{qa)[Pa] be an object of SPT such that for each q the set 
^*,<q = {(^ ^ ^iQa ^ q} is finite. Then X is the direct product of the family {F{qa)[pa])aeA 

Proof: Since direct product is an exact functor from families of F- vector spaces to F- vector 
spaces the functor YlaeA ^ ^ila)[Pa]) is a cohomological functor which takes direct 

sums to direct products. Therefore in order to show that the natural transformation 

Hom{-,X) ^ H Hom{~,F{q^)\p^]) 

is an isomorphism it is sufficient to verify that it defines isomorphisms on a set of generators 
of DMtl^ for which we can take the set of objects of the form M{U)[i\ for U E Sm/k and 
i e Z. Since these objects are compact we need to show that for such U and i the natural 
map 

®aHomiM{UMF{q^)[p^]) ^ l[Hom{M{UM F{q^)[p^]) (49) 

a 

Since X G SPT we have pa > Sg^ and therefore 

Hom{M{UM,F{q^)[p^]) = 

for qa > dim{U) +i + l. Together with our assumption on the finiteness of the sets A*,<g this 
shows that the family Hom{M{U)[i], F{qa)[pa]) has only finitely many non-zero members 
and therefore the map ( H9|) is a bijection. 

Lemma 2.65 Consider a distinguished triangle in DMl^^ {k, F) of the form 

X -^Y ^ X[l] (50) 

Such that X G SDT^n o-nd Z G SDTn- Then Y G SDT^n- Similarly if X E SPT<n O'nd 
Z G ^PTn then Y G fPT<„. 
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Proof: Since Z G SDTn-, the morphism Z — X[l] factors through a morphism Z — t- 

s>(„_i)X[l] and we get a diagram 

Z > s>(„_i)X[l] 



X[l] 



^ Y[l] , Z{1] 



where lower row is the shift of our original triangle by one step to the right. By the usual 
properties of triangulated categories (see e.g. [HI Prop. 1.4.6, p. 58]) this diagram can be 
extended to a commutative diagram of the form 



s>(„_i)X[l] 



> s<(„_i)X[l] 

h 



f2=Id 



w 



Y[l] 



Z[l] 



> s<(„_.i)X[l] 
/i 
W[l] 







whose rows and columns are distinguished triangles. Since X G SDT<n we have s 



>(n-l) 



{X) 



s„(X) G SDTn and by Lemma [2.621 we conclude that W G SDTn- Moreover, it is easy 
to see from the upper distinguished triangle of our diagram that if X,Z G SPT then 
Vr[— 1] G SPTn- To prove the lemma it it is now sufficient to show that /i = i.e. 
Y[l] = ©s<(„_i)(X)[l]. This follows immediately from the fact that /2 is an isomorphism 
and /s = since triangles of the form f H7|) for objects of SDT are split. 



Lemma 2.66 Let X ^ Y Z be a sequence of morphisms in SDT such that for each 
U G Sm/k, 2 G Z the sequence of abelian groups 

^ Hom{M{U)[i],X) Hom{M{U)\i],Y) Hom{M{U)[i], Z) (51) 
is exact. Then the sequence O^xA-YA-Z^Ois split exact in DMl^-^^k, R). 



Proof: Consider a distinguished triangle 

X Ay A coneif) X[l] (52) 

Since X is a direct sum of Tate objects and Tate objects are direct summands of shifts of 
objects of the form M(P") the exactness of f lSTj) implies that g o f = and therefore there 

g" 

exists a morphism cone{f) — )■ Z such that g = g"g'. Since the maps Hom{M{U)[i\,X) — > 
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Hom{M{U)[i],Y) are injective the long exact sequence defined by the triangle (152|) splits 
into short exact sequences of the form 

^ Hom{M{U)['i],X) Hom{M{U)\i],Y) ^ Hom{M{U)[^,cone{f)) 

and we conclude that the map g" defines isomorphisms on Hom{M{U)[i], —) for all U G 
Sm/k and ? G Z. Since DMj^-^ {k, R) is generated as a triangulated category by objects of 

the form M(U) for U G Sm/k we conclude that g" is an isomorphism and X ^ Y Z 

extends to a distinguished triangle X A- Y A- Z A- X[l]. Since sequences (15T1) are exact the 
morphism d is zero on Hom{M{U)[i], — ) for all U and z. Since Z is a direct sum of Tate 
objects we conclude that d = 0. This is equivalent to the assertion of the lemma. 

Lemma 2.67 Let X A Y A Z be a sequence of morphisms in SPT such that for all n > 
the sequence 

S<nX -> S<nY -> S<nZ 

is split exact. Then the sequence 0— j-X^fAZ— i-O is split exact. 

Proof: For any U G Sm/k we have Hom{M{U), F{p)[q]) = for q > p + dim{U). Since for 
a proper split Tate object W , s^nW is a direct sum of copies of object F{p)[q] for p > n and 
g > 2p we have Hom{M{U)[i], SynW) = for all n > i + dim(U) — 1. Therefore for each U 
and i there exists n such that Hom{M{U)[i],W) = Hom{M{U)[{\, s<nW) for W = X,Y, Z. 

We conclude that the sequence X A Y A Z satisfies the condition of Lemma 12.661 and 
therefore it is split exact. 

Proposition 2.68 For a morphism f : X Y in DM^^ {k,F) one has: 



1. if X,Y G SDT<n O'lT'd Sj(/) is a split monomorphism for each i < n then f a split 
monomorphism and cone{f) G SDT<n, 

2. if X,Y G SPT and Si{f) is a split monomorphism for each i > then f is a split 
monomorphism and cone{f) G SPT. 

Proof: To prove the first assertion let us shows that for each m < n there is a split exact 
sequence of the form 

^ S<mX S<raY "^A^ (SiF/SiX) ^ (53) 

where SiY/siX is the cokernel of Si{f) which is well defined since Si{f) is a split monomor- 
phism. 



55 



We proceed by induction on m. For m = the statement is obvious. To make an inductive 
step observe that by simple diagram search there exists a morphism (j)<m which fits into the 
commutative diagram of the form 



(/) 



^ S<mif) 4><{,n-l) 

S<(m-1)-^ > ■S<(m_i)r > 



and that for any such morphism the middle row is split exact. 



Consider now the second assertion. By the same argument as above we see that there 
are spht exact sequences of the form fl53|) . Since F is a direct sum of Tate objects and 
SiY/siX are proper split Tate objects a simple argument shows that, for each choice of 
morphisms 0<m, as above, there exists a unique morphism : F — > (Bi>o{siY/siX) such 
that the composition of with the projection to Q)i<m{siY/ SiX) equals 4><m- The sequence 

X A- Y A- (Bi>o{siY/ SiX) clearly satisfies the condition of Lemma [2.671 and therefore is split 
exact. Proposition is proved. 

Corollary 2.69 For a morphism f : X ^ Y in DM'lI\k, F) one has: 



1. if X,Y G SDT^n o.iT'd Si{f) is an isomorphism for each i <n then f an isomorphism, 

2. if X,Y G SPT and is an isomorphism for each i > then f is an isomorphism. 

Corollary 2.70 Let p : Spec{K) — )■ Spec{k) be a field extension and let f : X ^ Y be a 
morphism in DMl^^{k,F). Then one has: 



1. ifX,Y G SDT<n andp*{f) is an isomorphism then f an isomorphism, 

2. if X,Y G SPT and p*{f) is an isomorphism then f is an isomorphism. 



Proof: The functors Si : SDT — )■ SDTi commute with the functor p* . On the other 
hand the restriction of p* to SDTi is an equivalence in view of the proof of Lemma 12.621 
Therefore, for a morphism / satisfying the conditions of the corollary, the morphisms Si{f) 
are isomorphisms and we conclude that / is an isomorphism by Corollary 12.691 
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Let Xi — > . . . —^^Xi^...hea sequence of morphisms in a triangulated category such that 
©j>iXj exists. Recall that the homotopy colimit of this sequence is an object hocoliniiXi 
which is defined up to a non-canonical isomorphism by a distinguished triangle of the form 

©i>i Xi '^^^■■■^ ®i>iXi 4 hocolimiXi ®i>iXi[l] (54) 

where the morphism tp{fi, . . .) is defined by the condition that its restriction to Xi is 
Li — ii+ifi where ii : Xi ^ ®i>iXi is the canonical embedding. 

Corollary 2.71 Let Xi — > . . . 4 X^ -A- . . . be a sequence of morphisms in SPT. Then the 
direct sum (Bi>iXi exists, the distinguished triangle [54\ ) which defines hocolimiXi splits and 
hocoliniiXi G SPT. 

Proof: The direct sum (Bi>iXi exists because objects Xi belong to the image of the category 
HNis,A^{Cor{Sm/k, F)) which has all direct sums under the functor which respects direct 
sums. We obviously have s„(V'(/i, • • •)) = i^i^nifi), ■ ■ •) for each n > and since SDTn is 
equivalent to the category of graded F- vector spaces one observes easily that the morphisms 
Sn{ip{fii ■ ■ •)) split monomorphisms. Our result follows now from Proposition 12.68( 2). 

J y 1 f' 

Corollary 2.72 Let Xi A- . . . ^ X„ -4- . . . he a sequence of morphisms in SDT<n such 
that (Bi>iXi exists. Then the distinguished triangle (54\ ) which defines hocoliniiXi splits and 
hocoliniiXi G SDT<n- 

Proof: Same argument as in the proof of Corollary 12. 71[ 



Corollary 2.73 The subcategory SPT (resp. SDT<n) is closed under direct summands i.e. 
contains images of projectors. 

Proof: The image of a projector p can be identified with the homotopy colimit of the 
sequence Since for any X in DM^^ the direct sum ®i>iX of 

countably many copies of X exists the result follows from Corollary 12.711 in the case of SPT 
and Corollary 12.721 in the case of SDT<n- 

Remark 2.74 The analog of Corollary 12. 721 (and therefore of Proposition [2]68]) for the whole 

category SDT is false. It is easy to see on the example of the sequence Xi -A- Xj+i where 
Xi = F{i-l)[i-l], fi = Id®p where p G H^'\k,F) is the class of -1, = R and F = F2. 
The corresponding homotopy colimit Y = hocoliniiXi has the property that Sn(Y) = for 
all n > but Y ^ 0. 

1 do not know whether or not the analog of Corollary 12.731 holds for SDT. 



57 



Our next goal is to prove Theorem 12.761 which shows that SPT is closed under (standard) 
symmetric powers. Note that symmetric powers have only been defined on Hj^i^ j^i {Cor{C, R)) 
where C is an /-admissible category and c{k) is invertible in R. Therefore, for the pur- 
poses of Theorem 12.761 we must consider SPT as a full subcategory in H^is^A^{Cor{C, F)) 
where C is the category of quasi-projective schemes, F is a field and if char{k) > then 
char{F) ^ char{k). 

Lemma 2.75 Let F be a field of characteristic I > 0. Then for any q > I one has 

LiSl^{SPT>q) C SPT>q^l^i. 

Proof: For i < I and X G SPT>q one has LS'*(X) G SPT>iq. Together with Proposition 
12.341 this implies that the class of X G SPT>q for which the lemma holds is closed under 
direct sums. 

It remains to show that for any A; > and q > 1 one has LS''^(S'^L'?) G SPT>q^i_i. The 
proof is by induction on k. For k = the result follows from Theorem l2.58[ By [TJl Corollary 
15.8], L is an even object and therefore H^L'^ is odd or even depending on whether k is odd 
or even. The inductive step follows now from Corollary 12.461 and Lemma 12.651 

The present formulation of the following theorem is partly based on the considerations of 

m- 

Theorem 2.76 Let k be our base field and F the field of coefficients. Then for any integers 
q > 1, n > one has: 

1. if char [F) = then 

LSUSPT>q) c 5PT>„, 

2. if char {F) = I > 0, char{F) ^ char{k) and 

n = n^r 
is the l-primary decomposition of n then 

\jS]^^.{S PT yq) C SPT>wi{g,n) 

where Wi{q,n) = {Y^iU-M + {Y.^ini){l - 1). 

Proof: The case of char{F) = is obvious. Suppose that char{F) = I > 0. Let X G SPT>q. 
By Proposition Ejal LSJ^^iX) is a direct summand of ®i((L5t)°*(X))®"' where as before 
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n = Y^ - riiP is the /-primary decomposition of n. By Corollary 12.731 it is sufficient to show 
that 

Since wi{q,n) = + ~ 1)^) is further sufficient to show that 

This follows by obvious induction from Lemma [2.751 



Corollary 2.77 Under the assumptions of the theorem one has IjS^{SPT^q) C SPT>q. 

Remark 2.78 Note that out computation of the l-th. cyclic power of L„ in Section 12^3] shows 
that SPT is not closed under the generalized symmetric products LS"*. 

Remark 2.79 We can make the computations done in the proof of Lemma [2]T5] more precise 
as follows. First observe that Corollary 12.461 implies that there are cofiber sequences in 
HNis,A^{Cor{C, R)) of the form 

^^LSliT.'^'+^L"') LSliT.^'+^L''') s^^'+i^'L''" (55) 

and 

i:^lsI{j:^'l"') ^ lsUj:^'+^l"') s^^'+^l''" (56) 

for all A; > 0. Using the topological realization functor (see Section 1331 below) together with 
the fact that we know the topological homology of 5''(S'") with coefficients in F/ (see pTfj ) 
one can show that these sequences split so that we have isomorphisms 

and 

Using obvious induction on i one can now get explicit formulas for the isomorphism classes 
of LSliE'L""). 
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3 Eilenberg-MacLane spaces and their motives 



Recall that c{k) = 1 if char{k) = and c{k) = char{k) if char{k) > 0. In this section 
we let S denote the ring Z[l/c(/c)]. If M is an abelian monoid we let denote its group 
completion and M[l/(i] the colimit of the sequence 



Clearly, for any M one has {M[l/d])^ = M~^[l/d] and for an abelian group A one has 
A[l/c{k)] = A^S. 



3.1 Motivic Dold-Thom Theorem 

The goal of this section is to prove Theorems 13 . 71 which is the motivic analog of the topological 
Dold-Thom theorem and then to give some sufficient conditions for the equivalence between 
S'°°[l/c(/c)] and its group completion S'^[l/c{k)]'^. The proof of Theorem 13.71 in the context 
of normal schemes goes back to [23]. 

Let us recall the following definition (see [27], [7]). 

Definition 3.1 A scheme U is called semi-normal if it is reduced and any finite morphism 
U' ^ U such that U' is reduced and for any field K the map U'{K) — )• U{K) is bijective is 
an isomorphism. 

Let SN/k be the category of semi-normal schemes over k. By Lemma [4.51 it is /-admissible. 



Lemma 3.2 Let U be a semi-normal affine scheme of finite type over k and f : U' ^ U be 
a universal homeomorphism of finite type. Then there exists n > such that 0{U')'^^''^" C 
0{U). In particular, if char {k) = then f is an isomorphism. 

Proof: Note first that a semi-normal scheme is necessarily reduced and therefore 0{U) — t- 
0{U') is a monomorphism. Since / is a universal homeomorphism it is separated, universally 
closed and quasi-finite. Therefore, by Zariski theorem (see e.g. |I5| Th. 1.8]), / is a finite 
morphism. Then U' is affine and 0{U') is a finitely generated module over 0{U). 

Let be a field and x : Spec{K) U a. i^-point of U. Since / is a universal homeomorphism 
there exists a purely inseparable field extension K G K' and a K' point x' of U' lying over 
X. Moreover since 0{U') is a finitely generated module over 0{U) there exists n such that 
for any x as above one may choose K' of degree dividing c(/c)" over K. 
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Let R = 0{U)0{U'Y^''^\ We claim that R = 0{U). Indeed the morphism Spec{R) ^ U is 
finite and since for a purely inseparable K C K' one has i^K'Y^^^ C our choice of n 
implies that for any K the map Spec{R){K) — )■ U{K) is a bijection. Since U is assumed to 
be semi-normal we conclude that U = Spec{R) 



Lemma 3.3 Let U be an affine scheme of finite type over k and dn ■ 0{S^^''^"U) — ?■ 0{U) 
be the map defined by the diagonal. Then one has 

Im{dn) = 0{UY^^^'' ■ k. 



Proof: The inclusion "d" is obvious. To prove the opposite inclusion consider 0{U) as a 
vector space over k and choose a basis Ci, i E I for it. The basis for 0{U'^) = 0{U)^^ is 
formed by the tensor products Cj = e^j ® . . . ® e^j^, i = {ii, . . . , zjv) G The natural action 
of Sn on 0{U^) is permutational relative to this basis. Therefore, the subspace of invariants 
0{S^U) coincide with the subspace generated by expressions of the form = Ylii^A where 
A runs through the orbits of the action of Sj^ on . For convenience let us choose a linear 
ordering on /. Then we may describe these orbits by pairs of sequences (zi, . . . , im] ji, ■ ■ ■ , jm) 
where ii < . . . < im are in I, ji, . . . ,jm ^ Z>o and ji + ■ ■ ■ + jm = N. Such a sequence 
defines the orbit A(i,j) which contains the element e®-'^ ® . . . (g) e^™. 

The image of eA(i-j) under the diagonal map 0{S'^U) 0{U) is the element 



Jl!---Jm! 



In our case = c{kY. Since (xi + . . . + XmY^^^ = x^i^"* + . . . + Xm'^'* in . . . , x^] we know 
that .^^^y I = in /c unless m = 1 when it equals 1. Therefore for = c(A;)" the image of 

the diagonal map is generated by elements of the form ef'^'' . Lemma is proved. 



Proposition 3.4 For any X the functor U i— ?■ ifom(f/, n„>oS'"X)[l/c(A;)] is a sheaf in the 
qfh-topology on SN/k. 



Proof: Our functor is a filtered colimit of representable functors and [28, Proof of Th. 3.2.9] 
implies that the associated qfh-sheal is of the form 

U ^-> colimu'^uHom{U',Ur,>oS''X)[l/c{k)] 

over all universal homeomorphisms U' — )■ U. To prove the proposition it remains to show 
that for a universal homeomorphism U' ^ U such that both U and U' are semi-normal, the 
map 

Hom{U,Ii.n>oS'^X)[l/c{k)] i/om(f/', n„>o5"X)[l/c(A;)] 
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is bijective. Since semi-normal schemes are reduced it is injective. It remains to show that 
for a map U' — )■ S^X there exists n and a map U — )■ S^^^''^"X such that the diagram 

U' y S'X 

U ¥ ^^^('=)"X 

commutes. It is sufficient to consider the case of affine U, U' and X. Then the claim follows 
from Lemmas 13.31 and 13. 2[ 

Proposition 3.5 Let X be such that S^X exist and Cor^^^{U, X) he the monoid of effective 
finite correspondences from U to X . Then for any semi-normal U one has: 

i/om([/,n„>o^"(X))[l/c(A;)] = Cor'f^{U,X)[l/c{k)]. 

Proof: By [25, Proposition 4.2.7] Cor{—^XYf^\i/c{k)\ is a g//i-sheaf and by Proposition 
13.41 the same holds for 5'°°[l/c(A;)](X+). On the other hand by [211 Theorem 6.8] we have 

Cor^ff{U,X)[l/c{k)] = Hom{U,S°°{X))[l/c{k)]. 

for any normal U. Since any scheme has a qfh-covering by normal schemes we conclude that 
this equality holds for all semi-normal U. 

Remark 3.6 It is not hard to see that there are natural maps 

i/om(f/,n„>o5"(X))[l/c(A;)] ^ Cor^^^(f/, X)[l/c(fc)] 

for all U and it might be the case that for char{k) > these maps are bijective for all U. 
For char{k) = i.e. c{k) = 1 they are not necessarily surjective if U is not semi-normal. 
For example let U be the cuspidal cubic and X = A^. Then the graph of the normalization 
map X — )■ f/ is in Cor'^^^ {U, X) but clearly not in the image of Hom{U,I[n>oS"'{X)). 

Theorem 3.7 Let k be a perfect field and C an f -admissible category which is contained 
in the category of semi-normal schemes. Consider A^A^ as a functor from A°PCf to 
A'^Rad{C+). Then one has 

A'sA's = aNis{S°^[l/c{k)])+ (57) 

Proof: Since both sides of ( 15 7p commute with filtered colimits it is enough to very that for 
X ^ C one has: 

A^^A^(X+) = a^..(5°^[l/c(fc)](X+))+ 
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By definition, A^A'^ takes to the functor 

U ^ Cor{U,X) O 5 = Cor{U,X)[l/c{k)] (58) 

wliere Cor{U,X) is tlie group of finite correspondences from U to X. By Proposition 13.51 
we liave 

^-[l/c(A:)](X+) = Cor^ffi-,X)[l/c{k)] 

On tlie otlier liand Lemma [3^ below together with the fact that Cor(— , X) is a sheaf in the 
Nisnevich topology, implies that Cor{—,X) = aj^is{Cor^^^ {—,X)^). Theorem is proved. 

Lemma 3.8 Let U he a henselian local scheme. Then 

Cor{U,X) = Cor'f^{U,X)+ 

Proof: Since Cor(U, X) = Cor{Uredi X) and the same holds for Cor'^^f we may assume that 
U is reduced. Let 2 = ^i^i be a finite correspondence from U to X i.e. a relative finite 
cycle on Xjj = X xU over U. The individual points Zi need not be relative cycles over U but 
by the definition of a relative finite cycle (cf. [2S|) we know that the points Zi lie over the 
generic points of U and that the closure [zi] of each Zi is finite over U. Therefore, in order 
to show that Z is a difference of two effective relative cycles it is sufficient to show that for 
any z which lies over a generic point of U and such that its closure [z] is finite over U there 
exists an effective relative finite cycle Z such that Supp{Z) contains z. Since U is assumed 
to be local henselian any effective relative cycle of relative dimension zero over [/ is a sum of 
an effective relative finite cycle and a cycle whose support lies over the complement to the 
closed point of U. Therefore it is sufficient to find an effective relative cycle Z of relative 
dimension such that Supp{Z) contains z. 

The closure [z] is a henselian local scheme. The image of the closed point of [z] in X lies on 
one or more of the irreducible components X. Replacing X by one of such components we 
may assume that X is irreducible and in particular equidimensional. We may further replace 
Xu by an affine open neighborhood of the closed point of [z]. This reduces the problem to 
the situation when we have a fiat equidimensional morphism p : Xjj U of some dimension 
d of affine schemes such that U is reduced and a point z over a generic point of U such that 
[z] U is finite and we need to find a effective relative cycle Z of relative dimension such 
that z G Supp{Z). 

Since Xu is fiat and equidimensional the fundamental cycle of Xu is a relative cycle of 
dimension d over U and clearly z belongs to its support. Assume by induction that there 
exists an effective equidimensional cycle Z = ^^riiZi of relative dimension r over U such 
that z G Supp{Z). If r = then we are done. Suppose that r > 0. Since Xu is affine there is 
a regular function / on X which is zero in the closed point of [z] and non zero in the generic 
points of the closed fibers of [zi] — )■ U for all i. By [33] the cycle {Z,D{f)) = '^iniD^fi) 
where fi is the restriction of / to [zi] is a relative equidimensional cycle of relative dimension 
r — 1 over U and one obviously has z G Supp{{Z, D{f))). 
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Remark 3.9 The previous remark (13. 6 p shows that if we consider all schemes instead of 
semi-normal ones then f l57p stops being an isomorphism at least in characteristic zero. It is 
possible that there is still an {Nis, A^)-equivalence of the form fl3.6p for all schemes. It is 
also clear that there is an equivalence of the same form with respect to a modification of the 
Nisnevich topology which allows for semi-normalizations as coverings. 

In may cases, including the main case of Moore spaces considered in the next section it 
is important to know when one can further simplify the description of A^A^(X) given in 
Theorem 13.71 by replacing S'^[l/c{k)]'^ with S°°[l/c{k)]. The goal of the rest of this section 
is to prove some partial results in this direction. 

Definition 3.10 Let C he an f -admissible subcategory. An object X of A°^Rad{C+) is said 
to satisfy condition (Dl) if for any henselian local scheme U of a pointed scheme from C, 
the abelian monoid AC ^.{S^[l/ c{k)]{X)){U)) is a group. 

Proposition 3.11 If X satisfies condition (Dl) then the natural morphism 

S^[l/c{k)]{U{X)) ^ S^[l/c{k)] + {L,{X)) 
is a {Nis, A^)- equivalence. 

Proof: Consider the diagram of morphisms of monoids in A°PRad{C^) of the form 
S^[l/c{k)]{L,{X)) > Aa(5°°[l/c(A;)](L,(X))) 

5-[l/c(A;)](L,(X))+ > (Aa(5-[l/c(A:)](L,(X))))+ ^ Aa(5-[l/c(A;)](L,(X))+) 

By Proposition 11.91 the horizontal morphisms are A^-equivalences. We have vro(X) = 
7ro(L*(X)) since L^{X) — )■ X is a projective equivalence. We also have 

7ro(Aa(r)) = 7ro(Aa(7ro(F))). 

Indeed, for a bisimplicial set B one has 7ro(Ai?) = 7ro(A7rQ^''*(i?)) where ttq'^^^{B) is obtained 
by replacing each column of B by its ttq. Therefore, 7ro(AC*(F)) = 7ro(A7rQ'^''*(C7*(F))). 
Consider Y as going in the vertical direction. Then ttq^'''^{C^:(Y)) = C^{7Tq{Y)) since 
commutes with reflexive coequalizers (actually with all colimits). 

Finally, 

vro(^°°[l/c(fc)](r)) = ^°°[l/c(A:)](vro(F)) 

since S°°[l/c{k)] being a radditive extension commutes with reflexive coequalizers. We con- 
clude that for any Y, we have 

7ro(Aa(5'"[l/c(A;)](L,(X)))) = 7ro(Aa(7ro(5°°[l/c(A;)](L,(X))))) = 
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= 7ro(Aa(^~[l/c(fc)](7ro(L,(X))))) = 7ro(Aa(5°°[l/c(A;)](7ro(X)))) = 

= 7ro(AC.(7ro(5°°[l/c(A;)](X)))) = 7ro(Aa(5°°[l/c(A;)](X))) 

Therefore, the right hand side vertical morphism is a A^is-equivalence by our assumption and 
Lemma [3.121 below. We conclude that the left hand side vertical morphism is a {Nis,A^)- 
equivalence. 

Lemma 3.12 Let X be a simplicial abelian monoid such that 7ro(X) is a group. Then the 
natural map X — )■ X^ is a weak equivalence. 

Proof: See ^20, p. 381]. 

Lemma 3.13 For any f -admissible C and any X G A°PRad{C+) the object AX satisfies 
condition (Dl). 

Proof: One can easily see that 7ro(AC,(S°°[l/c(A;)](5] A X))) = 0. 
Lemma 3.14 For any f -admissible C one has: 

1. if X,Y satisfy condition (Dl) then X V Y satisfies condition (Dl), 

2. if f : X ^ Y is a morphism in A°PRad{C^) such that X and Y satisfy condition (Dl) 
then cone{f) satisfies condition (Dl), 

Proof: The first assertion follows from the formula 

7ro(Aa(5°°[l/c(fc)](X V Y))) = 7ro(Aa(5°°[l/c(A;)](X) x S°°[l/c{k)]{X))) = 

= 7ro(AC,(5°^[l/c(A;)](X))) x no{Aa{S°^[l/c{k)]{Y))) 

where the first equality holds by Lemma 12.221 and the second since by and ttq commute 
with products. 

To prove the second assertion we may assume that / is a term-wise coprojection. Then 
cone{f) is projectively equivalent to the coequalizer of the reflexive pair XVY ^Y in which 
one map equals / on X and Idy on Y and the second one maps X to the distinguished 
point and again equals Idy on Y. Applying the functor 7ro(AC*(S'°°[l/c(A;)](— ))) and using 
the fact that it commutes with reflexive coequalizers and takes V to the direct product we 
conclude that 7ro(AC*(S'°°[l/c(fc)](cone(/)))) is a reflexive coequalizer of a diagram of groups 
and therefore a group. 

Recall that we let Sl denote the pointed scheme (A^ — {0}; 1) which we identify with the 
radditive functor which it represents on C+. 
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Proposition 3.15 For any f -admissible C which is contained in SN/k andX G A°PRad{C^) 
the objects A X satisfies condition (Dl). 

Proof: We may clearly assume that X G A°PCj. In view of Proposition I3.5[ for any U E C 
and G C+ we have 

Hom{U,S°°{l/c{k)]{SlAY+)) = Cor''ff[l/c{k)]{U,{A^-{0})xY)/Cor^ff[l/c{k)]{U,{l}xY) 

Therefore, the ttq set which we consider is the set of A^-homotopy classes of maps from [U] 
to [A-*^ — {0}] (8) [Y], in the subcategory of Cor{C,S) where morphisms are effective finite 
correspondences, modulo those classes which contain correspondences landing in [{!}] ® [Y]. 
Let : A^ — {0} — )■ A^ — {0} be the morphism z i— )■ z~^. For a morphism /:[[/]—)■ 
[A-^ — {0}] ® [Y] in our category set /~ = (0 ® Id[Y]) o /. Let us show that / + /"^ is 
A^-homotopic to a correspondence which goes to zero. Note first that we have 

/ + (</) ® IdiY]) o f = {Id® Id[Y]) o / + (0 ® Id[Y]) o f = {{Id + 0) ® IdiY]) o / 

Therefore it is enough to show that the finite correspondence (p + Id from A^ — {0} to itself is 
A^-homotopic in the category of effective finite correspondences to a finite correspondences 
which lands in 1. The set of finite correspondences of degree d from any smooth X to 
A^ — is in a natural bijection with Hom{X, S'^{A^ — {0})). The standard theory of 
symmetric polynomials shows that S'^{A^ — {0}) = A^ x (A^ — {0}) where the projection to 
A^ corresponds to the polynomial —X — Y and the projection to A^ — {0} to the polynomial 
XY. The correspondence (p+Id is represented under this bijection by a morphism A^ — {0} — )• 
A^ X (A^ — {0}) whose image lies in A^ x {1} and which is, therefore, A^-homotopic to the 
morphism which sends A^ — {0} to {1} + {1} = (—2, 1). 

Remark 3.16 Let c{k) = 1. In view of Proposition 13.51 the effective analog ^Ifj of A*" 
maps {Cor^^^)'^ to C* and we have a pair of adjoint functors Ag^j, Ag^j between these two 
categories which is analogous to the pair A', A^'. 

Consider the composition Agj^A^^j : (Cor*^-^-^)* — > (Cor^-^-^)*. By Proposition 13.51 this 
functor coincides on objects with the functors S'^^^j which is the obvious effective vari- 
ant of the functor S"^ . Note however that these two functors do not agree on morphisms. 
For example, if did : [X] — [X] is the d-th multiple of the identity map on [X] then 
A[jj.Alj:j{dId) = A[j:f{xd) where xd is the multiplication by d map ^"^(X) S'°°(X) 
while Sl^^jj{dld) = d"" Id and 

S^^,fj{dId) = ®n>oSrr,effidId) 

Since Ag^jAgj^ and S'^^^j do not agree on morphisms their extensions to the corresponding 
categories of simplicial objects do not agree on objects. This effect remains after we pass to 
group completions. In particular, the isomorphisms 

A'A^'([^]) = S^{[X])^ 
do not extend to isomorphisms between the functors A' A'' and S'^{—)^. 



66 



3.2 Motivic Moore pairs and the main structure theorem 

Let us recall the definition of motivic cohomology outlined in the introduction. Let C be an 
admissible category. Consider the motivic spheres S] — (A^ — {0}, 1) and Sf — {S})^'^ as 
radditive functors on C+. Set 

We will write Iq for Iq^z- The (reduced) unstable motivic cohomology of X G A°PCf with 
coefficients in an abelian group A is defined by the formula 

f HamH^^^^,iCor(C,z)){^'X, ^-i{A^j,Q) for p>q 
K:i{X,A)^\ (59) 
[ i/omH^^^_^,(Cor(C,z))(Ef-<?A^X, A ®l Ig) for p<q 

where <S>h is the derived tensor product given by 

A®l^lg = L^{A) ®z Iq- 



Definition 3.17 Let A be an abelian group, p,q & Z and C be an admissible subcategory 

of Sch/k. A motivic Eilenberg-MacLane pair for {A,p,q) on C is a pair {X,l) where X e 
A''PRad{C+) and l G HP:^{X,A), which represents Hp^^{-,A) on HmsM{C+). 

By the adjunction between A*" and LA' the functors (— , A) can be represented on 
Hms,AAC+) by the spaces A''Sp-«(A ®l k) for p > g and A^fi^^^_^i(A ®l Iq) for p < q. 
In particular, motivic Eilcnbcrg-MacLanc pairs exist for all A, p and q. By the uniqueness 
of representing objects the isomorphism class of a {X,i) in i7jvis,Ai(C+) is well defined up 
to a canonical isomorphism and we will denote it by {K{A,p, q)c, i'p,q)- 

Lemma 3.18 For any k, any A, any p,q G Z and any inclusion i : C ^ D of admissible 
subcategories there is a canonical isomorphism 

K{A,p, q)c = irad,+ {^iA,p, q)D) 

Proof: It follows immediately from the definition of K[A, p, q) as a representing object and 
the adjunction between irad,+ and Li™"'. 

In what follows we will only consider the case of p > q. The case of p < g is much more 
complicated. 
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Definition 3.19 Let A be an abelian group, p > q > and C be an admissible subcategory 
of Sch/k. A motivic Moore pair for {A,p,q) on C is a pair (X, 0) where X G A"'PRad{C^) 
and d) is an isomorphism LA'2(X) ^ Ep-'?(A (g)L Iq) in HNi,^j^i{Cor{C, Z)). 

Proposition 3.20 If {X,(f)) is a Moore pair for {A,p,q) on C then there is a natural class 
L in ifP;J'(A^LA^(X), A (8)z S) such that (A'^LA^(X), i) is an Eilenberg-MacLane pair for 
{A S,p, q) on C. 

Proof: It follows immediately from the standard adjunctions that for any R and A the 
image of the space A'5jLA^(M(A,p, g)) in H^ig j^^^i^C^) represents the functor 

^^„^(-, A ®L,z R) = HomH^^^^,icoric,z))i-, ^"-'{{A ®L,z R) ® /,)). 
The claim of the proposition follows from the fact that A (8)l,z S = A ®z S. 

Proposition 3.21 For any f -admissible C which is contained in SN/k, any p > q > 
such that p > and any finitely generated abelian group A there exists a motivic Moore pair 
{X{A,p,q),(f)) for {A,p,q) on C such that 

1. X{A^p,q) satisfies condition (Dl), 

2. for any d > Q there exists a morphism rrid : X{A,p, q) — )■ X[A,p, q) such that 

(a) LS°°{md,) = xd m HNi,^^i{C+), 

(b) LA'z(md) = d-Id. 

Proof: It follows from Lemma [3 .14( 1) and Lemma [2.221 that if X{A,p, q) and X{B,p, q) sat- 
isfy the conditions of the proposition for q) and {B,p, q) respectively then X{A,p, q) V 
X{B,p, q) satisfies its conditions for {A®B,p, q). Since any finitely generated abelian group 
is a direct sum of finite number of cyclic groups it means that it is sufiicient to construct 
X(7i/n,p, q) forn > and X(Z,p, q). We consider the following two cases, (g = 0,p > 0) Let 
5*^^^ be a model of Si which is an abelian group e.g. Sl^^. = K{Z, 1). Let -n : Sl^^^, — )■ 5*^^^^ 
be the multiplication by n map with respect to the abelian group structure. Set 

x{z,p,o) = sl,Asr' 

X{Z/n,p,0) = cone{-n) A 

These spaces satisfy the first condition of the proposition by Lemmas 13. 131 and 13. 14( 2) . The 
second condition is easily seen to hold relative to the maps which are defined by the map 
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{q>l,p>q) Let (-)" : be the map z ^^ 2". Set 

X{Z,p,q) = SlASr'ASr'^ 

X{Z/n,p,q) = cone{{-r) A Si' A S^' 

These spaces satisfy the first condition of the proposition by Lemmas 13. 151 and 13. 14( 2) . Let 
us shows that they satisfy the second condition relative to the maps defined by the 
maps {—Y on S}. The second half of the second condition is easy. To prove the first part 
observe that by Lemma [3. 231 below it is sufficient to verify that the morphism {—Y defines on 
S°°{L^{S})) and S°° {L^{cone{{— )"■))) the morphisms which coincide with xd in H]yis^A^{C+). 

By Proposition 12.141 the map 

is a projective equivalence. On the other hand the standard theory of symmetric polynomials 
implies that there is a homomorphism of monoids 

S^iSl) ^ Si (60) 

which is an A^-equivalence. This proves the case of S°°{L^,{S})). Using ( 160|) it is not hard 
to show further that there is an A ^-equivalence of monoids 

S°°(L,(cone((-)"))) ^ K{Sl ^4" S}) 

where K is the standard functor from complexes of abelian groups to simplicial objects, 
which proves the case of S'°°(L^,(cone((— )"))). 

Remark 3.22 Note that if char{k) = then conditions (1) and (2b) of Proposition 13.211 
imply condition (2b). For char{k) > this is not necessarily the case because we do not 
know how to reconstruct S°° from even for objects satisfying condition (Dl). 

Lemma 3.23 Let X be an object of A°PCf and rud : X ^ X a morphism such that 
S°°{md) = xd in -ffAris,Ai(C+)- Then for any Y e A°PC* one has 

S^imdMdY) = xd 

X d 

Proof: Let fd be the composition X — )■ S°°{X) — )■ S°°{X) and Qd be the composition of 
X '-^ X — )■ S'°°(X) or equivalently the composition of the natural map X — > S°°{X) with 
S°°{md). Let 

h : 5°°(X) AF ^ 5°°(X AF) 
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be the map which takes + . . y) to (xi ;?/) + . . . + y). Then there are commutative 

diagrams (in A°pC*) 



S°^{X A Y) 

S°°{faAldY) 



xd 



S°°{h) 



> S°°{X AY) 



and 



S°^{S°^{X) AY) — ^ S°°{S°^{X AY)) 



S^{X AY) S^{XAY) 



S°°{giMdY) 



S°°(h) 



S°°{S°°{X) AY) — ^ S°°{S°°{X AY)) 

where the right hand side arrows are from the standard triple structure on 5°°. Since fd = Qd 
in HNis,A^{C+) we conclude that xd = S^ijUd A Idy) in this category as well. 



For any X the isomorphism of Theorem 13.71 defines a morphism 

dtx : 5°°(X) ^ A'sA'siX) 



Proposition 3.24 Let {X{A,p,q),(j)) be a Moore pair satisfying the conditions of Proposi- 
tion \3.21\ Then for any commutative algebra R over S = Z[l/ c{k)] the morphism 

LAn{dtL,ixiA,p,,))) : LA^(LS°°(X(Ap, g))) ^ LA^(A^5LA^(X(A,p, g))) 
is an isomorphism in Hj^ig js^i{Cor{C,R)). 

Proof: By Theorem 13.71 we have 

S^[l/c{k)]+{L.{X{A,p,q))) = A^s^A'siX{A,p,q)) 

since X{A,p, q) satisfies condition (Dl) so does L^{X{A,p, q)) and we may replace S°°[l/c{k)]~^ 
by S°°[l/c{k)]. On the other hand 

LA^(xc(fc)) = LA^(5-(m,(,))) = 5-(LA^K(,))) = 5-(A^,(m,(,))) = S^{c{k) ■ Id) 

is an isomorphism since c{k) is invertible in R (note that condition (2b) of Proposition 13.211 
implies a similar condition for A^). Therefore the morphism 

LA^j,{LS^{X{A,p,q)))^LX'j,{LS^[l/c{k)]{X{A,p,q))) 

is an isomorphism in H^is ji^i{Cor{C, R)). 
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Let us introduce the following notation: 

M{A,p,q; R)c = LA'R{K{A,p,q)c) 
The following result is the main theorem of this section. 

Theorem 3.25 Let k be a perfect field, C an f -admissible category which is contained in 
the category of semi-normal schemes, A a finitely generated module over S = Z[l /c{k)] and 
p,q two integers such that p > q > and p > 0. Then for any S-algebra R there is an 
isomorphism in Hiqis pj{Cor{C^ R)) of the form 

M{A,p,q;R)c = ©„>o5r,(SP-''((A ®l,5 ^) ® U) (61) 

such that for any d > the map M{A,p, g; R)c — > M{A,p, q; R)c defined by multiplication 
by d in A is of the form ®n>od^ ■ Id. A choice of such an isomorphism is determined by a 
choice of a finitely generated abelian group A' , an isomorphism A = A' ^ S and a motivic 
Moore pair {X{A',p,q),(j)) satisfying the conditions of Proposition l3721[ 

Proof: Any finitely generated S-module A is of the form A = A' ^ S for a finite generated 
abelian group A'. Let us choose a Moore pair X{A',p,q) which satisfies the conditions of 
Proposition I3.21[ By Proposition 13.201 and Proposition 13.241 we have an isomorphism 

LA^^{K{A,p,q)) - LA^^{LS°^{X{A',p,q))) = L^-(LA^(X(A',p, g))) 

By an obvious "universal coefficients formula" the isomorphism 

LA^z(X(A',p,g)) = S^'-^(A' ®L,z g 

defines an isomorphism 

LA^(X(A',p, q)) = ®L,z R) 0L,R k,R) = ^"-'{{A R) ^L,R k,R) 

and therefore an isomorphism of the form fl6T]) . 

The map LA^(i^'(A,p, g)) — t- 'Lh''^{K{A,p,q)) defined by multiplication by c? in A cor- 
responds under the isomorphism LA^(i^'(y4,p, g)) = LA^(L5'°°(X(y4',p, g))) to the map 
LA^(x(i) and the properties of the map show that 

LA^(xrf) = LA^(LS°"(mrf)) = L^i^(LA^(mrf)) = l.S^{d ■ Id) = ©„>oc/" ■ Id. 



Corollary 3.26 Under the assumptions of the theorem assume in addition that R = F is a 
field. Then a choice of {X{A,p,q),(f)) defines isomorphisms 

M{A,p, g; F)c = (Mq ® Mi) © Mq © Mi 

where 

Mo = LS^iW-'^iiA ©z F) ©^ V)) 

and 

Ml = LS^iJ:P-'^+\TorfiA, F) ©^ V)). 
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Proof: It follows from the general case by Corollary 12.491 since we have a canonical decom- 
position 

A ®L,z F = (A ®z i^) © S^Torf (A, F). 

Corollary 3.27 Under the assumptions of the theorem let R = F be a field of characteristic 
I > such that I ^ char{k). Then a choice of {X{Z/l,p,q),(f)) defines isomorphisms: 

M{Z/l,p, q; F)c = (Mq ® Mi) © Mq © Mi 

where Mq = M{Z,p,q;F)c and Mi = M(Z,p + 1, g; F)^. 

Corollary 3.28 Under the assumptions of the theorem assume in addition that R = F is a 
field and p >2q. Then one has 

M{A,p,q;F)ceSPT>, 

Proof: The case when p = q = is obvious. For p > the statement follows easily from 
Corollary 13.261 and Theorem 12.761 

Remark 3.29 It is not clear whether or not there exist motivic Moore pairs {X{A,p, q), 0) 
satisfying the conditions of Proposition 13.211 which define isomorphisms (16T|) which are dif- 
ferent from the ones which are defined by the Moore pairs which are constructed in the proof 
of this proposition. One can look at this problem from the following angle. The composition 
F = LA^Ag is a cocomplete-triple on H]sfis,A^{Cor{C,Z)). A choice of a motivic Moore 
pair for {A,p,q) defines a structure of an F-coalgebra on T.^^'^^A ®l,z Iq) and a choice of 
such a structure defines an isomorphism of the form fl6T|) . Therefore in order to obtain an 
"exotic" isomorphism of this form we need a Moore space X{A,p,q) which defines an ex- 
otic F-coalgebra structure on J2p~'^{A ©l,z ^q)- On the other hand, one can easily see that 
such a structure is determined by the action of cohomological operations on the motivic 
cohomology of X{A,p, q). In the topological context these observations show that there are 
no exotic coalgebra structures since there can be no non-trivial actions of cohomological 
operations on the cohomology of Moore spaces. In the motivic context they show that in 
order to construct an "exotic" Moore space for Z we need to find a pointed space X whose 
motive is a Tate motive Z(p)[g] but the action of the motivic cohomological operations on 
H*'*[X, Z) = H*~'P'*~'^{Spec{k), Z) is different from their action on the motivic cohomology 
of the point. Since we know almost nothing about unstable motivic cohomology operations 
of bi-degree {i,j) where 2i > j > i the question of exotic Moore spaces remains open. 

Remark 3.30 The construction of the proof of Proposition 13.211 can be easily adjusted to 
provide motivic Moore pairs for {A,p,q) where A is any S'-module and p > q. However, 
it is not clear how to construct motivic Moore pairs for {A,p,p) when p > and A is an 
indecomposable (infinitely generated) S'-module of rank greater than 1. Multiple examples 
of such modules can be found in [B]. 
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Remark 3.31 Theorem 13.251 together with Example 12.591 shows that for 2q > p > q the 
image of M{A,p,q; R) in DM'L^^ is a "mixed Tate object" but not necessarily a pure Tate 
object. For p < q this image may not even be a mixed Tate object as can be seen on the 
example of M(Z//, 0, 1; Q). The Eilenberg-MacLane object K{Z/l,0,l) is the scheme of 
/-roots of unity and its motive is not a Tate motive unless the /-root of unity is in /c. 

Theorem 3.32 Under the assumptions of Theorern VJ. 25\ assume in addition that R = F is 
a field, p > 2q and that k admits resolution of singularities in the sense of fj^ . Then for 
any admissible subcategory i : D ^ C of C such that D C Sm/k one has 

Ulf{MiA,p,q;F)D) = MiA,p,q;F)c 

Proof: Set Kq = K{A,p,q)c and Kd = K{A,p,q)D and let Mq = LA'^(A'c) and Md = 
LAp{Kc) be the corresponding objects of Hj^is,A^{Cor{—, F)). By Section [T75] we have two 
pairs of adjoint functors connecting the categories HNis,A^{Cor{—)) and -f^Aris,Ai((~)+) over 
C and D respectively. By Lemma 13.181 for any i : D ^ C, any A and any p, q one has 

Kd = irad,+Kc (62) 
Since A; be is a field with resolution of singularities and D C Sm/k we further have 

itr,radMc = itr,rad^A^FKc = ^A''F'>'rad, + Kc = LApKo = Md 

where the second equality holds by Theorem 11.211 and therefore 

Since p > 2q, Corollary 13.281 implies that Mc is in the image of the functor Li™'^ and by 
Corollary 11.201 this implies that the adjunction Lil^'^itr,radMc — )■ Mc is an isomorphism. 

Corollary 3.33 Under the assumptions of Theorem \3. 25\ assume in addition that R = F is 
a field, p > 2q and that k admits resolution of singularities in the sense of fj^ . Then for 
any admissible subcategory D C Sm/k one has 

M{A,p,q;F)DCSPT>, 

3.3 Topological realization functors 

In this section we assume that the base field is C and R is the ring of coefficients for homology 
and correspondences. We set C = QP/C to be the category of quasi-projective schemes over 
C. 

Let Top be the category of (all) topological spaces. Sending X G C to the topological space 
of its C-points we get a functor 

TT : C — 7- Top 

We will need the following classical properties of this functor. 
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Theorem 3.34 1. n commutes with disjoint unions, 

2. IT commutes with fiber products, 

3. TT commutes with finite group quotients, 

4- TT takes universal homeomorphisms to homeomorphisms. 

Proof: See [22]. 

Proposition 3.35 For any closed embedding i : Z ^ X in QP/C, Tx{i) is a closed embed- 
ding and (X(C),Z(C))) is a CW-pair. 

Proof: It follows easily from the considerations of [H]. 
Consider the functor 

^rad . A°Pi?ad(C+) ^ A°PRad{Top+) 



Lemma 3.36 The functor tt™ takes projective equivalences to projective equivalences. In 
particular, for any X G A°^rad{C+) the morphism L7r!^"'^(X) — t- 7r™'^(X) is a projective 
equivalence. 

Proof: A morphism of radditive functors is a projective equivalence if and only if it is 
a simplicial weak equivalence as a morphism of presheaves of sets. Such equivalences are 
preserved by inverse image functors defined by functors which commute with fiber products. 
Therefore the lemma follows from Theorem 13.34( 2). 

Let ^^^Rrnod be the "forgetting of transfers" functor from Rad{C or {C , R)) to presheaves of 
i?-modules on C. Then T^*R-mod^Rmodi-^) is a functor 

Rad{Cor{C,R)) — )■ PreShvR^modiTop) 

Evaluating a pointed presheaf (resp. a presheaf of -R-modules) F on the standard cosim- 
plicial object A'^^ in Top we get a pointed simplicial set (resp. a simplicial -R-module) 
Sing^{F). Composing tt^'^ (resp. T^R^mod-^R mod) "with Sing^ followed by the diagonal we get 
two functors 

Tc = ASmg.nl^'^ : A''PRad{C+) A^^Sets, 

and 

= ASing,n*^_^,,A^^^^,, : A"^ Rad{C oriC , R)) ^ A^^R - mod 
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Proposition 3.37 The functorTc, takes {Nis, A^)- equivalences to weak equivalences of sim- 
plicial sets and therefore defines a functor 



Proof: By Theorem 14.201 the class 



W 



dii{Gms)+ U (Gai)+) 



of {Nis, A^)-equivalences in A°Prad{C+) coincides with the class cl^{{Gms^Idc)+U{GAi 11 
Idc)+ U Wproj)- Since Tc clearly takes A-closures to A-closures and commutes with 11 and 
since the class of weak equivalences in A"^Sets is A-closed it is sufficient to verify that Tc 
takes W, 



pro] 1 



Nis 



and (Gai)+ weak equivalences. The case of Wproj follows from 
Lemma [3.361 Let us consider the case of G^is- Let Q be a Cartesian square in C of the form 

B > Y 



A X 

such that p is etale, j an open embedding and Y\B — )■ X\A is an isomorphism. Consider 
the morphism /+ : {Kq)+ ^ X+. For f/ G QP/C we have 7r*(f/) = U{C) and Tc{U) = 
Sing^{U{C)) where Sing^. is a singular simplicial set of a topological space. Therefore, there 
is a push-out square of simplicial sets of the form 



Sing,{B{C))+y Sing,{B{C))^ 



Sing,{A{C))+y Sing,{Y{C))^ 



Stng,{Y{C))+ x 



and we need to verify that the obvious morphism Tc{{Kq)+) — )■ Sing^{X{C))+ is a weak 
equivalence or equivalently that the square of singular simplicial sets 



Sing,{B{C))^ 



Sing,{A{C))^ 



-> Sing,(Y{C))^ 



(63) 



is a homotopy push-out square. This follows from Lemma 13.381 

It remains to consider the case of (G'ai)+ i-^- to show that for any X G QP/C the map 

Sing,{{X X A^)(C))+ ^ Stng4X{C)+) 

is a weak equivalence. This follows from the fact that (X x A^)(C) = X{C) x C and C is 
contractible. 
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Lemma 3.38 Let Q 



B V Y 



A > X 

he an upper distinguished square in Sch/C Then the associated square of the form (E^P is 
a homotopy push-out square. 

Proof: Since the spaces of C-points of A, B, X and Y admit triangulations the condition 
that the square (1^ is homotopy push-out square is equivalent to the condition that the 
obvious map q : hp{Q{C)) — )■ X{C) where hp{Q{C)) is the push-out of the diagram 

B{C) X > A{C) n F(C) 

B{C) X 

is a weak equivalence. By [131 Cor. 1.4, p. 93] (see also it is sufficient to show that for 
any point x G ^(C) there exists an open neighborhood U' of p such that for any open subset 
U of U' the map q~^{U) U is a weak equivalence. This map is clearly isomorphic to the 
map qu '■ hp{Q{C)u) U where Q{C)u is the pull-back of the square Q{C) to a square 
over U . 

Using the fact that etale morphisms define local homeomorphisms on the spaces of C-points 
one can show that for any x G ^(C) there exists U' such that Q(C)f// is isomorphic to a 
square of the form 

iUiiu' - z{C) n u')) n {u' - z{C) n u') > {u,{u' - z{C) n u')) n u' 

u' - z{C) n u' y u' 

Then the same is true for Q(C)u for any U G U' which easily implies that the maps qu are 
homotopy equivalences. 

Lemma 3.39 Functor tc commutes with the smash products. 

Proof: One can easily see that for any X,Y E A°PRad{C+) there is a natural map Tc{X) A 
^c(^) Tc{X AY). Since the class of weak equivalences of pointed simplicial sets is 
A-closed it is sufficient to check that it is a weak equivalence for X = X'j^, Y = Y^ where 
X',Y' G C. In this case our map is an isomorphism because both tc* and Sing^, commute 
with direct products. 
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One can easily see that there are canonical isomorphisms: 

tciSl) = S' 



(64) 



tciSl) = S' (65) 
Let H{R — mod) be the homotopy category of simplicial i?- modules. 

Proposition 3.40 The functor takes {N is, A^)- equivalences to weak equivalences of 
simplicial R-modules and therefore defines a functor 

t% ■■ Hms,A^ (Cor(C, R)) -> H{R - mod) (66) 

Proof: Let (p be the forgetting functor from i?-modules to sets. Then by construction we 
have 

The functor reflects weak equivalences. The functor respects (A^is, A^)-equivalences 
by Theorem 11.71 The functor Tc respects equivalences by Proposition 13.371 We conclude 
that respects equivalences. 



Let 

Hr : A°PSets, A°PR - mod 

be the functor which takes a pointed simplicial set X to the free i?- module Hr{X) generated 
X. 



Proposition 3.41 The square 



H 



LA' 



''C 



(67) 



HmsMCor{C,R)) H{R-mod) 
commutes up to a natural isomorphism. 



Proof: We may interpret ifiVjs,Ai(C*+) as a localization of A"'''Cf^ and consider A' instead 
of LA'. By definition, HjiTc{X) is the free i?- module generated by the pointed simplicial 
set ASing^{X{C)) and T*rA^(X) is the simphcial i?-module A5mc/,(7r*A5j^„fcA^(X)). The 
natural transformation -'^(C) — )■ 7r*A^^^A^(X) together with the universal property of free 
i?-modules provide us with a natural transformation of the form 



(68) 



77 



Since the forgetting functor ip from i?-modules to abehan groups reflects equivalences and 
one has 

^HrTc{X) = i^HzTc{X))®R 

and 

i;T^A^^iX) = ii;T^A'^iX))®R 

its is enough to consider the case R = Z. Since both sides of fl68l) commute with the 
simplicial suspension (because of Theorem 13.34( 1)) and the suspension on H{Z — mod) 
reflects isomorphisms, it is enough to verify that for X e A°pC* the morphism 

(PHzASing.nl^'^iElX) A5m^*7r™'^A^A'z(S,iX) 

is a weak equivalence. Consider the commutative square 

(f)H^ASing,7rl^'^{j:lX) > ASm^*7r™"'5°°(SiX) 

0i/zA^m^,7r™^(SiX) > A^mc/*7r;<^'^A^A^(SiX) 

where Ht<!{—) is the free abelian monoid functor. The left hand side vertical arrow in this 
square is a weak equivalence by Lemma I3.12[ 

Let i : SN/C — ?■ QP/C be the embedding of the subcategory of semi-normal schemes. By 
Lemma[322]we have TT™"' = 7r™'^Li™'^Varf,+ . The morphism Vad,+5°°(E,iX) ^ v„d,+A^A^(S,^X) 
is a iVzs-equivalence by Proposition 13.51 and Lemma 1X51 Therefore Lf'^'~^irad,+S°°(T,lX) — )■ 
Iji'^°''^'~^irad,+-^z-^zi^l-^) is ^ Xzs-equivalence and we conclude by Proposition 13.371 that the 
right hand side vertical arrow of dSHD is a weak equivalence. 

It remains to verify that the morphism 

(j)H^ASing,'Kl^'^{j:hX) A5m^*7r™^S°°(S^X) (70) 

is a weak equivalence for any X G A"p{QP/C)^. Since the class of weak equivalences of 
simplicial sets is A-closed it is sufficient to consider the case of X G (QP/C)^. By Theorem 
13.34( 1.2.3) we conclude that for such an X one has 

7r™<^(5°°(S^X)) = s°°{j:1{x{c))) 

where on the right Sj(X(C)) is considered as a simplicial topological space. The fact that 
the morphism flTOj) is a weak equivalence follows now from Proposition 13.351 and the Dold- 
Thom theorem in the form which asserts that for a simplicial topological space X whose 
terms are CW^-complexes, the maps 

H^ASing^JllX) A5znc/,(5°^(S^X)) 

is a weak equivalences. 
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Lemma 3.42 Let i : SN/C — i- QP/C be the embedding of semi-normal schemes. Then the 
morphism TT^'^'Li™'^irad,+ — >" tt™"^ is a projective equivalence. 

Proof: It is clearly sufficient to consider the non-pointed case. Let sn : QP/C — > SN/C be 
the semi-normalization functor which is the left adjoint to i. Then the adjunction between sn 
and i shows that there is a natural isomorphism i^ad = sn™'^. Since ij-ad respects projective 
equivalence so does sn^"''^ and therefore Vad = Lsn'''^''. By Lemma [3 .361 we have tt^"'^ = Lvr'''"^. 
Combing these observations together we get: 

„radT 'Tad- t „rad-T -radj „„rad t /„ „ • „ „„\rad t „rad 

71 Ll Irad = l^T^ L? LSU = L[7l O I O SU) = LTT 

The last equality holds by Theorem 13.34( 4) since the morphism i o sn ^ Id is a. universal 
homeomorphism. 

Proposition 3.43 The functor t^^ commutes with (derived) tensor products. 

Proof: Note first that there is a natural transformation on the level of simplicial objects of 
the form 

r^{X) ®n r^{Y) ^ T^{X ® Y) 

Since the class of weak equivalences of simplicial i?-modules is A-closed it is enough to 
verify that it is a weak equivalence for X, F G Cor{C, R) i.e. for X = A''{X'^), Y = A'(F|.) 
where X', Y' G C. In this case the claim follows from Proposition 13.411 and the Kiinneth 
isomorphism theorem for topological homology. 

Proposition 13. 4H isomorphisms (|64|) . fl65|) and Proposition 13. 43l imply that there are a canon- 
ical isomorphism 

tc(^®L,zU = (^®L,zi?)M (71) 

and in particular t^(-^n) = R\2,n\. Using the definition of motivic cohomology given at the 
beginning of Section |3^ in combination with Proposition 13. 4H isomorphisms f lTT]) for R = Z 
and the suspension isomorphisms in the topological cohomology we get canonical maps: 

Hf:^{X,A)^HP{tc{X),A) 

For an i?-module A let K{A,p) and K{A,p,q)Qp/c be the topological and the motivic 
Eilenberg-MacLane spaces representing the functors Hp{—, A) and HP'^{—, A) respectively. 

Lemma 3.44 For p > q there is a canonical isomorphism 

tc{K{A,p,q)Qp/c) ^ K{A,p). 
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Proof: We have 

tc{K{A,p,q))=tcAUA ®L,z 2^"%) = 0t*c'(^ ®l,z = <p{A[p]) = K{A,p). 



Remark 3.45 The statement of Lemma 13.441 is false for p < g at least when A is not a 
torsion abelian group. For example, K{Z, 0, 1) = pt while K{Z, 0) = Z. 

Remark 3.46 Note that in the case of i? = Z// we get t^l-^n) = Z//[2n] while it would be 
more natural to have tc(-^ri) = /^z[2n] where fii is the group of /-roots of unity in C. The 
reason that we get Z/l instead of fii is that the isomorphism (|65ll defines an identification 
of /i/, which is the fiber of the l-th power map on 5*/, with Z/l which is the fiber of the Z-th 
power map on the circle. If the circle is oriented counter clock- wise then this identification 
corresponds to the choice of the l-th root of unity with the smallest argument. 

In the next section we will need to work with K{A,p,q)smQP/c instead of K{A,p,q)Qp/c- 
Let j : SmQP/C — )■ QP/C be the embedding of smooth quasi-projective schemes to all 
quasi-projective schemes. By Lemma [3.181 we have an equivalence 

jrad,+K{A,p,q)Qp/c = K {A, p,q) SmQP/C 

which, by adjunction, defines a morphism 

ij{A,p,q) : Li''^'^K{A,p,q) SmQP/C ^ K{A,p,q)Qp/c 

Proposition 3.47 For p > q the morphism tc{4'{A,p,q)) is a weak equivalence. 

Proof: Note first that the category SmQP/C has direct products (fiber products over the 
point) and that the functor j respects these products. This implies that Lj™'^ commutes with 
direct products up to a canonical equivalence. Therefore both tc(X'j^'''{K{A,p,q)smQP/c)) 
and tc{K{A,p, q)Qp/c) are //-spaces with an inverse map. A morphism of such //-spaces is 
a weak equivalence if it defines a weak equivalence on homology i.e. it is sufficient to show 
that 

H-z.tcil^3T\K{A,p,q)smQP/c)) ^ //ztc(i^(A,p, g)QP/c) 

is a weak equivalence of simplicial abelian groups. By Proposition 13.411 this is equivalent to 
the showing that 

tS(LA'zLj™'^(/^(A,p, q)smQP/c)) ^ t%{l.K'^{K{A,p, q)Qp/c)) (72) 

is an isomorphism. For q <1 there are models of K{A, p, q)Qp/c which lie in A°P{SmQP/ C)+ 
and therefore ip{A,p,q) itself is a weak equivalence. Therefore we may assume that p > 0. 
Then (172]) is an isomorphism by Theorem 13.321 since LA^Lj™'^ = Lj^'^LA^. 
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Then for p > q, there are 
KiA,p). 

3.4 Application to stable operations. 

In this section we will show that over a field k of characteristic zero the algebra of all stable 
operations in motivic cohomology with coefficients in coincides with the motivic Steenrod 
algebra. Since motivic Steenrod operations have been defined only in cohomology of smooth 
schemes we will work with smooth schemes over k. Let H*'* = H*'*{Spec{k),Fi). Let 
Kn be the motivic Eilenberg-MacLane space K{Z/l,2n,n)sm/k and i^g^^ be its topological 
counterpart K{Z/l,2n). The abelian group of all stable operations is given by 

M*'* = lim„ i7*+2".*+"(K„,Fi) 

where the homomorphisms of the system are defined by the morphisms 

S^ir„ ^ (73) 

Let A*'* be the motivic Steenrod algebra. Since operations from A*'* are stable with respect 
to St they act on M*'*. Denote by l the element in M*'* whose restriction to Kn is the 
canonical class Acting by elements of A*'* on l we get a map 

u : A*'* M*'* 

which is a homomorphism of left if*'*-modules. 

Theorem 3.49 Let k he a field of characteristic zero. Then u is an isomorphism. 

Proof: The proof of this theorem occupies the rest of this section and ends right before 
Remark 13.571 

Let M„ = LA2(-ft'„) be the class of in Hj^,ig j>^i{Cor{Sm/k, F;)). In view of Corollary 13.331 
there exist objects in SPT such that M„ = S^M/j. Morphisms (J73l) define a sequence 

Mo ^ M( ^ ^ . . . 

Let M be its homotopy colimit. By Corollary 12.711 the distinguished triangle which defines 
M splits. Therefore the motivic cohomology of M coincide with M*'* and by the same 
corollary M G 'SFT. 



Corollary 3.48 Let 

be the topological realization functor on HNis,A^{{SmQP/C)-^-). 
canonical weak equivalences 

tsni,c{K{A,p,q)smQP/c) = tc{K {A, p, q)Qp/c) = 
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Let {ea)a£A be the basis of A*'*{k) over H*'* which consists of admissible monomials (see [M| 
pp.40-41]). Let Pa, Qa be defined by the condition that G A^"''^"'. Set A = (Ba£AFi{qa)[Pa]- 
The bi-degrees of admissible monomials are such that pa > '2qa i-e. A G SPT. 

Lemma 3.50 The motivic cohomology of A is canonically isomorphic to A*'* and there is 
a unique morphism 

u: M ^ A 

which defines on the motivic cohomology homomorphism u. 

Proof: The definition of an admissible monomial given in [31^, p. 40] implies immediately 
that for any g > the set A*,<q of a G A such that < g is finite. Let H*'*{q)[p\ be the 
free bi-graded module over H*'* with the generator in bi-degree (p, q). Then we have 

gr 

H*'*{A) = n H*'*{qa)[Pa] = <eAH*'*{qa)[Pa] = A*'* 

aeA 

where YV^ ^ind (B^^ are the direct product and the direct sum in the category of bi-graded 
modules and the middle equality holds because the sets A*,<g are finite. This proves the first 
assertion of the lemma. 

The condition that u defines homomorphism u on motivic cohomology is equivalent to the 
condition that the composition of u with the projection to the summand corresponding to 
Ca is u{ea)- The uniqueness and existence of such u follows from the finiteness of the sets 
A^:^<q and Proposition 12.641 

To prove Theorem 13.491 we need to show that u is an isomorphism. Since both M and 
A belong to SPT we may apply Corollary 12.70( 2) and assume from now on that k is an 
algebraically closed field. 

Let us choose a primitive l-th root of unity in k and let r be the corresponding element of 
^0,1 ^ H°'\Spec{k)). Then by ^ Cor. 4.3, p.254] we have 

H*'* = Fi[t]. (74) 

For a module A over F[t] we will write A^o F (resp. A ®i F) for the tensor product of A 
with F; with respect to the homomorphism F[t] — t- F which takes r to (resp. to 1). 

Lemma 3.51 u : M* — )■ N* a homomorphism of non-negatively graded free modules over 
F[t] where F is afield andgrij) = 1. Assume thatui = u®ild is surjective anduo = u®Qld 
infective . Then u is an isomorphism. 



82 



Proof: If X G and u{x) = then the image of x in M* F is zero i.e. x = tx'. Then 
= u{tx') = Tu{x') and since A^* is free we have u{x') = 0. A simple induction on n imphes 
now that u is injective. 

Let us show that u is surjective. Let x G A^". Since ui is surjective we have x = u{z) + {T—l)y 
for some z G M* and y G A^*. Let m be the smallest integer > n such that z G M-™ and 
y G N-"". Then Xm+i = and Zm+i = and therefore rym = 0. Since A^* is free we conclude 
that ym = 0. Suppose that m > n. Then u^z^) = —rym-i- 

The condition that Mq is a monomorphism shows that if u{z„i) = —rym-i then there exists 
z'^^i such that Zm = tz'^-i and, since A^* is a free module u{z'^_^i) = —ym~i- Set z" = 
z — Zm + z'^_i and y" = y — ym-i- Then one has again x = u{z") + (t — l)y" . By induction 
we conclude that we may assume that m = n. Then (r — l)y = x — u{z) implies that ?/„ = 
and X = u{zn) + ry^-i. By obvious induction on degree we may assume that yn-i is in the 
image of u. Then x G Im{u). 

Lemma 3.52 Let X G A°'PRad{{QP /C)^) he such that LAp (X) is a direct sum of objects 
of the form T^^lj . Then the natural homomorphisms 

m^:{X, Z/l) ®i -> H^{tc{X), FO (75) 

are isomorphisms. 

Proof: By Proposition 13.411 we have 

H^{tc{X),Yi) = HomH(Y,-mod){H^MX).^i[p]) = Hom{t%-LX'^X^),Yi[p]) 

and the homomorphism H^'*{X,Z/l) H^{tc{X),Fi) which defines ( !75|) is the homomor- 
phism 

i ' (76) 

HomH(F,-mod){tc{y), Fi[p]) 

for Y = LAp {X). Therefore, it is sufficient to verify that f l76|) defines an isomorphism for 
Y = Ti^lj i.e. that the maps 

HL'-''*-'{Spec{kU, Z/l) ®i F, ^ H:AS'^=, F,) 

are isomorphisms. This is equivalent to (17^ . 

The motivic Adem relations demonstrated in ^3] imply that for any k of characteristic zero 
there is a homomorphism 

A*'*{k) A* (77) 
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which sends P* to P* and /3 to /3 and which is of the form 

H*'*{k) H*'*{k) = Fi[r] "4^ 
on H*'*. The same relations imply immediately the following result. 



Lemma 3.53 Let k be an algebraically closed field of characteristic 0. Then [11) defines an 
isomorphism 

A*'*ik) ®i Fi A* (78) 



Lemma 3.54 The square 



H*'*{K„ 



A* 



A* H*{K. 



(79) 



2n 



commutes. 



Proof: We will only give a sketch of the argument. From general functoriality it is sufficient 
to verify that the image P*'" (resp. /^P*'") of the motivic class P*tn (resp. /3PV„) in H*{K^2n) 
is P^L2n (resp. /3P'7,2ra)- Kuowiug the Cartan formula and Adem relations for the motivic 
reduced powers we can deduce that the family of operations defined by the classes P*'" and 
pphn satisfy the list of properties which uniquely characterize the reduced power operations 
(see e.g. [23]). 



Proposition 3.55 Let k be an algebraically closed field of characteristic zero. Then the 
homomorphism 

u®ild: A*'* ®i Fi M*'* (g)i Fi (80) 

is an isomorphism. 



Proof: Since both sides of (IHOjl remain unchanged when we pass from an algebraically closed 
field to its algebraically closed extension we may assume that k = C. 



The vertical arrows of (1791) factor as 

A*'* A*'* Fi A* 

where the second arrows of both factorizations are isomorphisms - the first one by Lemma 
13.531 and the second one by Lemma I3.52[ We conclude that the maps 

A*-* ®i Fi^H*'*{K^) ®i F, 
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are isomorphic to the maps 

A* H*{Kl°^) 

defined by the action of the topological Steenrod algebra on t2n and one verifies easily that 
these isomorphisms identify the maps defined by fl73l) with the similar maps defined by the 
topological suspension morphisms 

We conclude that ( IHO!) is isomorphic to the map 

A* ^ lini, ^*+2"(i^2r) (81) 

defined by the action of the topological Steenrod algebra on the canonical cohomology 
classes of K^2n which is an isomorphism by [23] . 



Proposition 3.56 Let k he an algebraically closed field of characteristic zero. Then the 
homomorphism 

u®oId: A*'* ®o Fz -> M*'* ®o Fz 

is a monomorphism. 



Proof: Following the notations of \16\ let denote the element of A*'* corresponding to an 
admissible sequence / = (eo, Si, . . . , Sk, Cfc). We need to show that for any non-trivial linear 
combination P = Yl cijP^ there exists n such that P{i.n) 7^ in H*'*{Kn) (80 F^. Bi-stability 
of operations together with the universal property of i„ imply that it is sufficient to find any 
X e A'^iSm/k)* and a class w G H*'*{X) such that P{w) ^ in H*'*{X) ®o Fj. Using the 
computation of the action of motivic Steenrod algebra on the cohomology of Bfii and the 
proof of ^23j, Proposition VI. 2. 4] one can easily see that it can be done by taking X = (Bfii)^ 
for some (cf. [TB| Proposition 11.4]). 



End of the proof of Theorem \3.49^ To prove the theorem we need to show that the morphism 
u of Lemma 13.501 is an isomorphism. As was noted above, we may apply Corollary 12.70( 2) 
and assume that k is an algebraically closed field. A morphism between split Tate objects is 
an isomorphism if and only if it defines isomorphism on the motivic cohomology. Applying 
Lemma 13.511 to the homomorphism 

u : M*'* ^ A*'* 

considered as a homomorphism of graded modules over 

H*'\Spec{k),¥i) = ¥i[T] 

with respect to the "weight" grading we see that it is sufficient to show that ui = u®i Id is 
surjective and Uq = u®q Id is injective. This is done in Propositions 13.551 and 13.561 
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Remark 3.57 An unstable analog of Theorem 13.491 appears to be false i.e. the motivic 
cohomology of individual spaces are not generated as algebras by elements of the form 
P^Ln)- In particular, [321 Lemma 2.2] is probably false. 

Let the base field be C. In view of the unstable analog of Proposition 13.551 for any class 
a G H*'*{Kn) there exist m such that r^a can be represented as a polynomial of P^Ln)- We 
claim that there are classes a for which the smallest m satisfying this condition is > 0. 

If we consider all the motivic Eilenberg-MacLane spaces then it is obvious. Indeed, the 
motivic cohomology of weight zero of K{Z/l, n, 0) are the same as the topological cohomology 
of K{Z/l, n). On the other hand all the motivic power operations shift the weight so applying 
P^ to the canonical element in H"''^ we get elements in H^''^ with g > 0. 

Existence of such classes for the spaces Kn = K{Z/l,2n,n) is less obvious. They do exist if 
the unstable motivic cohomology operations 

Pkm ' -^^''^ ^ ^p+2j(^-i),'g 

constructed in the context of the higher Chow groups by Kriz and May can be extended to 
the motivic cohomology of objects such as Kn. In that case the first example I know would 
he w = Sq]^j^,jSq'^ Sq^Sq^i^L^) for which one would expect 

TW = Sq^^Sq'^Sq^Sq^Ls) 

but which can not be obtained as a polynomial of P^{i3) itself. The complexity of the 
example is due to the fact that one needs to find an admissible sequence with low excess and 
high weight shift. 

It is possible that the motivic cohomology classes of K{Z/l,p,q) for p > 2q can be represented 
as polynomials of classes obtained from the canonical one using both stable and unstable 
power operations. 
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4 Appendices 



4.1 Admissible categories 

Definition 4.1 A full subcategory C of Sch/k is called admissible if 

1. Spec{k) and are in C 

2. for X and Y in C the product X x Y is in C 

3. if X is in C and U ^ X is etale then U is in C 
4- for X and Y in C the coproduct X JIY is in C 

If in addition C is closed under the formation of quotients with respect to actions of finite 
groups it will be called f -admissible. 

Lemma 4.2 The categories of all schemes of finite type, of smooth quasi-projective schemes 
and of smooth quasi-affine schemes over any field are admissible. 

Lemma 4.3 The categories of quasi-projective and quasi-affine schemes over any field are 
f -admissible. 

Lemma 4.4 The categories of normal quasi-projective and normal quasi-affine schemes over 
a perfect field are f -admissible. 

Proof: The only non-trivial point is to check that the product of two normal quasi-projective 
schemes over a perfect field is normal. This follows from [8l, 6.8.5] and [HI 17.15.14.2]. 

Lemma 4.5 The categories of quasi-projective and quasi-affine semi-normal schemes over 
a perfect field are f -admissible. 

Proof: Let us consider for example the quasi-projective case. The product of two semi- 
normal schemes over a perfect field is semi- normal by [71 Corollary 5.9]. The fact that a 
scheme etale over a semi-normal one is semi-normal follows from the results of [7] as well. 
Let us show that if X is semi-normal then X/G is semi-normal. Let p : U ^ X/G be 
the semi-normalization of X/G. Then the projection X X/G factors through p by the 
universal property of semi-normalizations and since p is a universal homeomorphism and X 
is reduced we conclude that X — )■ f/ is invariant under G-action. Hence we get an inverse 
X/G U. 
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Remcirk 4.6 The categories of (semi-) normal quasi- projective and quasi-affine schemes over 
a non-perfect field are not admissible since the product of the spectra of two inseparable 
extensions need not be normal. 

Remark 4.7 Using the references provided above it is easy to see that the smallest admis- 
sible category over any field consists of disjoint unions of (smooth) schemes X such that for 
some n there exists an etale morphism X — > A". The smallest /-admissible category over 
a perfect field consists of finite group quotients of X as above. I do not know whether the 
same category is /-admissible over any field. 



4.2 Finite group quotients in additive categories 

We will need some computations which apply to categorical quotients for finite group actions 
in any additive category A. In our case the category will be Cor{C, R). Let X be an object 
with an action of a finite group G. For an element g & G we let [g] denote the corresponding 
automorphism X — )■ X. For a subgroup H of G we let ph '■ X ^ X/H denote the projection. 
Note that PH[hg] — Pnig] for any h & H and g & G. 

If L and M are two subgroups of G and g E G is such that gLg^^ C M then there is a 
unique morphism 

PL,M,g : X/L ^ X/M 

such that 

Pl,m,9Pl = Pulg] (82) 

We will write Pl,m instead of Pl,m,i- Also for any L <Z M in G there exists a unique 
morphism 

p^'^ : X/M X/L 
such that for any choice of a set of representatives [iv\M] of L\M in M one has 

P^'''PM= E pM (83) 

ge[L\M] 

These observations are obvious from the definition of categorical quotients. We will need 
the following result. 

Proposition 4.8 For any X, G and H as above one has: 

1- PH,Gp'''"^\G\/\H\Idx/G 

2. Let [H\G/H] d G he a set of representatives for double coset classes in G with respect 
to H. Then one has 

P PH,G - 2^ PHnx-^Hx,H,xP I84j 
xe[H\G/H] 
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Proof: The first equality is between morphisms from Xj G to itself. Therefore it is sufficient 
to check that the compositions of these morphisms with pc coincide. We have: 

Ph,g,ip'^'"pg = Ph,g,i Y1 Ph[9]= Y1 Pg[9] = \G\/\H\pg 

gelH\G] 9elH\G] 

where the first equality holds by ( l83l) . the second by (1821) and the third because PgIq] = Pg 
for all g. 

To prove the second statement let us choose a set of representatives of double coset classes 
[H\G /H] C G. Let us further choose sets of representatives [{H fl x~^Hx)\H] C H for all 
X G [H\G/H]. Then an element g of G can be written in a unique way as the product hxu 
where h & H, x E [H\G/H] and u G [{H fl x^^Hx)\H]. In particular, elements of the form 
xu for X G [H\G/H] and u G [{H fl x~^Hx)\H] give us a set of representatives for H\G 
which we denote by A. 

Since fl8^ is an equality between two morphisms from X/ H to itself it is sufficient to check 
that their compositions with pn coincide i.e. that 

P Ph,g,iPh = 2^ PHnx-^Hx,H,xP Ph [oo) 

x(i[H\G/H] 

We have 

PHnx-^Hx,H,xP ' Ph = PHnx-^Hx,H,x PHnx-^Hx[U\ = 

xe[H\G/H] x£[H\G/H] uG[{Hnx-'^Hx)\H] 

= Yl Yl ph[x][u\= y1 Y1 

xe[H\G/H] u(i[{Hr\x-^Hx)\H] x&[H\G/H\ u(i[{Hr)x-^Hx)\H] 

where the first equality holds by ( l83l) , the second by (l82l) and the third because [x] [u] = [xu] . 
On the other hand 

geA x£[H\G/H]ue[{Hnx~'>-Hx)\H] 



Corollary 4.9 If H is a normal subgroup in G and [H\G] is a set of representatives for the 
left conjugacy classes of H in G then 

p'''''ph,g= Y Ph,^'9 (86) 

g&[H\G] 

Recall from [1?^ p. 149] that a fork diagram do^di : X ^ F A Z in a category is called a 
split fork diagram if edo = edi and there exist morphisms s : Z ^ Y and t : Y ^ X such 
that es = Id and dot = Id, Bit = sc. As was shown in ^12^ p. 149], every split fork diagram 
is an absolute coequalizer diagram. 
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Proposition 4.10 Let X, G, H be as in Proposition 4-8 and assume in addition that the 
index \G\/\H\ of H in G is invertible in the Ham-groups of our category. Then the fork 
diagram 

do, di : (BgecX/iH n g-'Hg) =t X/H 4 X/G 

where 

do = ®geGPHng-^Hg,H 
di = (BgeGPHng-^Hg,H,g 

and e = Ph,G! is a split fork diagram and in particular an absolute coequalizer diagram. 

Proof: As in the proof of Prop osit ion 14 . 8 1 let us choose a set of representatives for the double 

cosets [H\G/H] C G. 

. = (|//|/|G|)p^'^ 

The relation es = Id follows from Proposition 14.8( 1) and by Proposition 14.8( 2) we have 
se = m/\G\)pH,Gp''^'' = m/\G\) Yl P/^n.-iH.,i/,.P^'^"^"^^ 

xe[H\G/H] 

We further have 

dot = {\H\/\G\) (B.elH\G/H] PHncc-^H.,Hp''''''''"''' = 

= m/\G\) m/\Hnx-'Hx\)idx/H = m/\Gm\G\idx/H = idx/H 

x&[H\G/H] 

and 

dit = {\H\/\G\) ®^,^[H\G/H] PHn.-^H.,H,.p''''"'''"'''' = se. 



Remark 4.11 The proof of Proposition 14.101 shows that it remains valid if we replace the 
first term of the fork by ® g(z[H\G / h]X / {H fl g^^Hg) for any set of representatives of double 
cosets [H\G/H] C G. 



4.3 Radditive functors 

In this appendix we reproduce for the convenience of the reader some definitions and results 
of [38] which we use in this paper. 

Let C be a small category with finite coproducts. A radditive functor on C is a functor 
C"P Sets (i.e. a presheaf of sets) such that F{X UY) = F{X) x F{Y). We denote the 
category of radditive functors by RadiC). Representable functors are radditive by definition 
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of coproducts. The category Rad{C) is complete and cocomplete with hmits, filtered colimits 
and reflexive coequalizers (i.e. coequalizers of pairs of arrows /, g which have a common 
section s, gs = fs = Id) being the same as for presheaves but with different coproducts which 
are compatible for representable functors with coproducts in C (see [381 Prop. 2009elprop]). 

The category of radditive functors on an additive category A is naturally equivalent to the 
category of additive contravariant functors from A to the category of abelian groups. If C 
has a final object pt and C+ is the full subcategory of the category of pointed objects in C 
which consists of objects of the form {X ILpt, ipt) then the category of radditive functors on 
C+ is naturally equivalent to the category of pointed radditive functors on C (see [381 Lemma 
2007pointed]). If C is a formal closure with respect of finite coproducts of a subcategory 
C then the category of radditive functors on C is naturally equivalent to the category of 
presheaves on C. 

A morphism of simplicial radditive functors F : X — > F is called a projective equivalence 
(resp. projective fibration) if for any U E C the map of simplicial sets Fu : X{U) — t- Y{U) 
is a weak equivalence (resp. Kan fibration). The classes Wproj and Fibproj of projective 
equivalences and projective fibrations generate a closed model structure on Rad{C) which 
is called the projective closed model structure. Its homotopy category is denoted by H{C). 

For any set of morphisms E in A°^Rad{C) one defines in the usual way the class of ii^-local 
objects and the class of E-locsX equivalences cli{E). The localization of H{C) by cli{E) 
always exists and we denote it by H{C,E). If the projective closed model structure is left 
proper then there exists a left Bousfield localization (see [10]) of the projective closed model 
structure by E and cli{E) coincides with its class of weak equivalences. In the case when 
the class of projective equivalences is closed under finite coproducts, which holds in all of 
the examples mentioned above, the projective closed model structure is left proper and in 
addition the class of ii^-local equivalences is closed under coproducts for any E. 

For any functor F : C ^ Rad{C') where C and C are categories with finite coproducts 
the Kan extension F* of F takes radditive functors to radditive functors and defines a 
F^"-'^ : Rad{C) Rad{C') which we call the radditive extension of F. The radditive exten- 
sions commute with filtered colimits and reflexive coequalizers. If F commutes with finite 
coproducts then the right adjoint F* to F* takes radditive functors to radditive functors and 
defines a right adjoint Frad to F^"''^ which also commutes with filtered colimits and reflexive 
coequalizers. 

Let C* be the full subcategory of Rad{C) which consists of filtered colimits of representable 
functors and C the full subcategory of Rad{C) which consists of coproducts of representable 
functors (the category is also known as the category of ind-objects over C. See e.g. [H 
Sec. 8.2.4, p.70]). Since a finite coproduct of representable radditive functors is representable 
we have C C C*. 

Proposition 4.12 ([381 Prop. 3.18 ]) There are a functor : Rad{C) A"PRad{C) 
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and a natural transformation l where t : Rad{C) — t- A°PRad{C) is the natural embed- 

ding, such that 

1. for any X G A°PRad{C) the object L^,(X) belongs to A.°^C and the morphism L*(X) — )■ 
X is projective equivalence, 

2. for any X G A°^C the morphism L^{X) X is a simplicial homotopy equivalence. 

Proposition 4.13 (^38, Prop. 4.10 , Th. 4.8 ]) One has: 

1. the functor A^^C* — )■ H{C) is a localization, 

2. for any F : C — t- Rad{C'), the functor F^"''^ takes projective equivalences between objects 
of A°PC* to projective equivalences. 

Proposition 14.131 implies that any F : C ^ Rad{C') defines a functor H{C) — t- H{C') wliicli 
we denote by LF''"'^. 



Proposition 4.14 ( |38|, Lemma 4.12 ]) Let F : C ^ C be a functor which commutes 
with finite coproducts. Then the functor F^ad takes projective equivalences to projective equiv- 
alences and the resulting functor 'R.F^.ad '■ H{C') — )■ H{C) is right adjoint to LF'™°'. 



Theorem 4.15 ([SF, Th. 4.19 ]) Let F : C ^ Rad{C') be a functor and E, E' be sets of 
morphisms in A^^C^ and A"^ Rad{C') respectively such that for any f E E and U E C one 
has 

F''^\fUIdu)ecli{E') 

Then for any f G cli{E) fl A^^C* one has g cli{E') and in particular LF™'^ defines 

a functor H{C, E) -> H{C\ E'). 



Theorem 4.16 ( [38L Th. 4.20 ]) Let F : C ^ C be a functor which commutes with finite 
coproducts and E, E' be sets of morphisms in A^'^C^ and A°^{C')'^ respectively such that 
for any f e E and U e C one has F'''"^{f 11 Idu) G cli{E') and for any f G E' and U' G C 
one has Fradif^Idv) G cli{E). 

Then for any f G cli{E) f] A°pC* one has G cli{E') and for any f G cli{E') one 

has Fradif) € di{E) and the resulting functors LeF^"-'^ and HEFrad between H{C,E) and 
H{C, E') are adjoint. 



Proposition 4.17 ( [38^ Cor. 4.21 ]) Under the assumptions of Theorem 4-i6 one has: 
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1. if F is a full embedding then L^jF is a full embedding and HEFrad is a localization, 

2. if F is surjective on isomorphism classes of objects then R^-^rad reflects isomorphisms. 

A morphism X ^ Y in Rad{C) is called a coprojection if it is isomorphic to the canonical 
morphism of the form X ^ X 11 A. A morphism / in A°PRad{C) is called a term-wise 
coprojection if each term of of / is a coprojection. 

A sequence X ^ Y ^ Z is called a term-wise coprojection sequence if X — )■ F is a 
coprojection and Y ^ Z is isomorphic to y — )• Y/X. For the general notion of a cofiber 
sequence used below see [21] or [TT] . 

Proposition 4.18 ([381 Th. 3.41 , Cor. 3.53 ]) If C is a pointed category then: 

1. any term-wise coprojection sequence {X Y ^ Z) in A°pC* extends in a natural 
way to a cofiber sequence [X — i- F — )■ Z, Z — X Vl S(X)) in H{C), 

2. any cofiber sequence (X — )■ F — )■ Z, Z — )■ X Vl S(X)) in H{C) is isomorphic to the 
cofiber sequence defined by a coprojection sequence X' -^Y' Z' in A^^C* where C is 
the full subcategory of coproducts of representable functors in Rad{C), 

3. for any cofiber sequence (X ^ F Z, Z — )■ X Vl S(X)) in H(C) one has g G 
dii{X ^ pt}) and {pt ^Z)e diiif}). 

The main technical tool which is used in the proofs of the results cited above is the notion of 
a A-closed class defined as follows. Let D be a category which has coproducts and filtered 
colimits. For a set K and an object X of D we let X -ft' = II^X denote the coproduct 
of K copies of X. Similarly for a simplicial set K and an object X of A°^D we let X ^ K 
denote the simplicial object with terms X„ ® Kn- 

Let f,g : X ^ Y he two morphisms in A"^^D. An elementary simplicial homotopy from / 
to g is defined in the usual way as a morphism /i : X ® A^ — >■ F such that f = ho {Idx ® ^o) 
and g = ho {Idx ® ii) where io,ii are the standard morphisms A" — )■ A^. Let ~ be the 
smallest equivalence relation on morphisms such that / ~ (7 if there exists an elementary 
simplicial homotopy from f to g. A morphism / : X — )■ F in A°pD is said to be a simplicial 
homotopy equivalence defined if there exists a morphism g : Y ^ X such that / o ~ Idy 
and g o f r-u Idx- 

A class of morphisms £" in a category A°^D is said to be closed under filtered colimits if for 
any pair of filtered systems (Xj)jg/, (Fi)i6/ and any morphism of systems (/j) : (Xj) — )• (Fj) 
such that fi G E one has / = colirriifi G E. 

Definition 4.19 A class of morphisms E in A°^D is said to be A-closed if it satisfies the 
following conditions: 
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1. simplicial homotopy equivalences are in E, 

2. if f and g are morphisms such that the composition gf is defined and two out of three 
morphisms /, g, gf are in E then the third is in E, 

3. if f : B ^ B' is a morphism of bisimplicial objects over D such that the rows or 
columns of f are in E then the diagonal morphism A(/) is in E, 

4- E is closed under filtered colimits. 

For any class of morphisms E there exists the smallest A-closed class which contains E and 
we denote it by cl^{E). 

Theorem 4.20 ( |38L Th. 3.51 , Cor. 3.52 ]) Let C be a small category with finite co- 
products and E a set of morphisms in A°^C*. Then one has 



chiE) n A"PC* = d^{E U Id, 



c) 



and 



dl{E) = d^{{EUIdc)UWproj) 

where E 11 Idc is the set of morphisms of the form f 11 Idu for f E E and U E C . 



The following somewhat technical result is used in the proof of Proposition 14.221 below. 
We denote by CofEnds the class of morphisms between objects in A°^Rad{C) which are 
cofibrant in the projective closed model structure. 



Proposition 4.21 ([381, Prop. 3.28 ]) Let C be a small category with finite coproducts 
and E a class of morphisms in A"PRad{C) which satisfies the following conditions: 



1. E contains W, 



proj ! 



2. E satisfies the 2- out- of- 3 property, 

3. E n A°PC* n CofEnds is closed under coproducts, 

4. for f e En A°PC* n CofEnds and i > one has f O Idg^. G E, 

5. for a morphism of push- out squares 

/Xi > X2\ (X[ V X'^\ 

9 




xJ 



\X', > X'J 



such that all the objects are in A"^ (1 C of Ends , the morphisms g, g' are cofibrations 
and term-wise coprojections and /i, /2, /s are in E one has /4 G E, 
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Then E is A-closed. 



Let A be an additive category. The category Rad{A) of radditive functors on A is easily 
seen to be equivalent to the category of additive functors from A to the category of abelian 
groups. In particular it is an abelian category. The objects of the smallest subcategory A 
of Rad{A) which contains A and is closed under direct sums are projective in Rad{A) and 
any object from Rad{A) can be epimorphically covered by an object from A. In particular 
A has enough projectives. Let Cmpl_{Rad{A)) be the category of complexes bounded from 
the above over Rad{A). We have the usual Dold-Kan correspondence i.e. an adjoint pair of 
functors 

N : A°PRad{A) -> Cmpl_{Rad{A)) 

K : Cmpl^{Rad{A)) A"PRad{A) 

where is the normalization functor and K is its right adjoint. As for any abelian category, 
the functor is a full embedding and K is a localization. The composition N o K coincides 
with the canonical truncation functor r-° which "removes" the negative cohomology objects 
of a complex. 

Due to the fact that the representable functors are projective in Rad{C), a morphism / in 
A°PRad{A) is a projective equivalence if and only if A^(/) is a quasi-isomorphism. Therefore 
A^ takes projective equivalences to quasi-isomorphisms and K takes quasi-isomorphisms to 
projective equivalences. After passing to the corresponding localizations we obtain a pair of 
adjoint functors 

Nproj ■■ H{A) D_{Rad{A)) 
Kproj : D_{Rad{A)) H{A) 
such that Nproj is a full embedding. 

For a class E of morphisms in a triangulated category let cl^i{E) denote the (left) Verdier 
closure of E i.e. the class of morphisms whose cones belong to the localizing subcategory 
generated by cones of morphisms from E. 

Proposition 4.22 Let E be a set of morphisms in A°'^Rad{A). Then one has 

NprojidiiE)) C chiiNprojiE)) 
(for simplicity we omit the natural projection $ : A°PRad{A) — )■ H{A) from our notation). 

Proof: By Theorem 14.201 we have 

di{E) = d^{{E © Ma) U Wproj) (87) 

where we use © to denote coproducts in the additive context. Consider the class F = 
^proiidvi{Nproj{E))) . To prove that it contains cli{E) it is sufficient in view of (157|) to prove 
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that it is A-closed and contains Wproj and E © Id a. The later is obvious. To prove that F 
is A-closed we use [3B1 Prop, bdlchar] which implies easily that it is sufficient to establish 
that F satisfies the diagonal condition of Definition 14.191 Let us apply Proposition 14.211 to 
F. the first three conditions of the lemma are obvious. The fourth condition follows from 
the fact that N{X ® dA^) = N[X)[i — 1]. To prove the fifth condition observe that for a 
push-out square 

Xi > X2 



X3 7- Xi 

such that g is a. monomorphism, the sequence of complexes 

^ A^(Xi) ^ N{X2) © N{X^) N{X4) 

is exact. Since coprojections in an additive category are monomorphisms this implies that in 
the context of the fifth condition of Proposition 14.211 we get a morphism of exact sequences 
of complexes 

^ N{Xi) y N{X2) © NiXs) y N{Xi) 



N{fi) 

^ N{X[] 
and therefore a distinguished triangle 



-y N{Xi) ^ 



cone 



(iV(/i)) ^ cone{N{f2)) © cone{N{fs)) -> cone{N{U)) ^ cone{N{fi))[l] 



The fact that N{f4) G F follows now from the standard properties of Verdier closure. Propo- 
sition is proved. 



References 

[1] Theorie des topos et cohomologie Stale des schemas. Tome 1: Theorie des topos. Lecture 
Notes in Mathematics, Vol. 269. Springer- Verlag, Berlin, 1972. Seminaire de Geometric 
Algebrique du Bois-Marie 1963-1964 (SGA 4), Dirige par M. Artin, A. Grothendieck, 
et J. L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat. 

[2] Frederic Deglise. Finite correspondences and transfers over a regular base. In Algebraic 
cycles and motives. Vol. 1, volume 343 of London Math. Soc. Lecture Note Ser., pages 
138-205. Cambridge Univ. Press, Cambridge, 2007. 

[3] Pierre Deligne. Voevodsky's lectures on motivic cohomology 2000/2001. In Algebraic 
Topology, volume 4 of Abel Symposia, pages 355-409. Springer, 2009. 

[4] Daniel Dugger and Daniel C. Isaksen. Topological hypercovers and A^-realizations. 
Math. Z., 246(4) :667-689, 2004. 



96 



[5] Eric M. Priedlander and Vladimir Voevodsky. Bivariant cycle cohomology. In Cycles, 
transfers, and motivic homology theories, volume 143 of Ann. of Math. Stud., pages 
138-187. Princeton Univ. Press, Princeton, NJ, 2000. 

[6] Laszlo Fuchs. Infinite abelian groups. Vol. II. Academic Press, New York, 1973. Pure 
and Applied Mathematics. Vol. 36-11. 

[7] S. Greco and C. Traverso. On seminormal schemes. Compositio Math., 40(3):325-365, 
1980. 

[8] A. Grothendieck and J. Dieudonne. Etude Locale des Schemas et des Morphismes de 
Schemas (EGA 4). Publ. Math. IHES,20,24,28,32, 1964-67. 

[9] Heisuke Hironaka. Triangulations of algebraic sets. In Algebraic geometry (Proc. Sym- 
pos. Pure Math., Vol. 29, Humboldt State Univ., Areata, Calif., 1974), pages 165-185. 
Amer. Math. Soc, Providence, R.I., 1975. 

[10] Philip S. Hirschhorn. Model categories and their localizations, volume 99 of Mathematical 
Surveys and Monographs. American Mathematical Society, Providence, RI, 2003. 

[11] Mark Hovey. Model categories, volume 63 of Mathematical Surveys and Monographs. 
American Mathematical Society, Providence, RI, 1999. 

[12] S. MacLane. Categories for the working mathematician, volume 5 of Graduate texts in 
Mathematics. Springer- Verlag, 1971. 

[13] J. P. May. Weak equivalences and quasifibrations. In Croups of self- equivalences and 
related topics (Montreal, PQ, 1988), volume 1425 of Lecture Notes in Math., pages 
91-101. Springer, Berlin, 1990. 

[14] Carlo Mazza, Vladimir Voevodsky, and Charles Weibel. Lecture notes on motivic coho- 
mology, volume 2 of Clay Mathematics Monographs. American Mathematical Society, 
Providence, RI, 2006. 

[15] J.S. Milne. Etale Cohomology. Princeton Univ. Press, Princeton, NJ, 1980. 

[16] Fabicn Morel and Vladimir Voevodsky. A^-homotopy theory of schemes. Inst. Hautes 
Etudes Sci. Publ. Math., (90):45-143 (2001), 1999. 

[17] Minoru Nakaoka. Cohomology mod p of symmetric products of spheres. J. Inst. Poly- 
tech. Osaka City Univ. Ser. A, 9:1-18, 1958. 

[18] Amnon Neeman. Triangulated categories, volume 148 of Ann. of Math. Studies. Prince- 
ton University Press, 2001. 

[19] Zhaohu Nie. Karoubi's construction for motivic cohomology operations. Amer. J. Math., 
130(3) :713-762, 2008. 

[20] Dieter Puppe. A theorem on semi-simplicial monoid complexes. Ann. of Math. (2), 
70:379-394, 1959. 



97 



D. Quillen. Homotopical algebra. Lecture Notes in Math. 43. Springer- Verlag, Berlin, 
1973. 

Jean-Pierre Serre. Geometrie algebrique et geometrie analytique. Ann. Inst. Fourier, 
Grenoble, 6:1-42, 1955-1956. 

N. E. Steenrod and D. B. Epstein. Cohomology operations. Princeton Univ. Press, 
Princeton, 1962. 

Andrei Suslin and Vladimir Voevodsky. Singular homology of abstract algebraic vari- 
eties. Invent. Math., 123(1) :61-94, 1996. 

Andrei Suslin and Vladimir Voevodsky. Relative cycles and Chow sheaves. In Cycles, 
transfers, and motivic homology theories, volume 143 of Ann. of Math. Stud., pages 
10-86. Princeton Univ. Press, Princeton, NJ, 2000. 

Andrei A. Suslin. Higher Chow groups and etale cohomology. In Cycles, transfers, and 
motivic homology theories, volume 143 of Ann. of Math. Stud., pages 239-254. Princeton 
Univ. Press, Princeton, NJ, 2000. 

Richard G. Swan. On seminormality. J. of Algebra, 67(l):210-229, 1980. 

V. Voevodsky. Homology of schemes. Selecta Math. (N.S.), 2(1):111-153, 1996. 

V. Voevodsky. On the zero slice of the sphere spectrum. Tr. Mat. Inst. Steklova, 
246(Algebr. Geom. Metody, Svyazi i Prilozh.):106-115, 2004. 

Vladimir Voevodsky. Letter to A.Beilinson. www.math.uiuc.edu/K-theory/33, 1993. 

Vladimir Voevodsky. Cohomological theory of presheaves with transfers. In Cycles, 
transfers, and motivic homology theories, volume 143 of Ann. of Math. Stud., pages 
87-137. Princeton Univ. Press, Princeton, NJ, 2000. 

Vladimir Voevodsky. Triangulated categories of motives over a field. In Cycles, transfers, 
and motivic homology theories, volume 143 of Ann. of Math. Stud., pages 188-238. 
Princeton Univ. Press, Princeton, NJ, 2000. 

Vladimir Voevodsky. Motivic cohomology with Z//-coefficients. www.math.uiuc.edu/K- 
theory/639, 2003. 

Vladimir Voevodsky. Reduced power operations in motivic cohomology. Publ. Math. 
Inst. Hautes Etudes Sci., (98): 1-57, 2003. 



Vladimir Voevodsky. Cancellation theorem. arXiv:math/020201S\ To appear in Docu- 
menta Mathematica, 2009. 



Vladimir Voevodsky. Motives over simplicial schemes. | arXiv: 08 05.4431] To appear in 
Journal of K-theory, 2009. 



98 



Vladimir Voevodsky. Motivic cohomology with Z//-coefficients. arXiv:0805.4430. Sub- 
mitted to Annals of Mathematics, 2009. 



Vladimir Voevodsky. Simplicial radditive functors. \arXiv:0805.4434\ To appear in 
Journal of K-theory, 2009. 

Vladimir Voevodsky. Unstable motivic homotopy categories in Nisnevich and cdh- 
topologies. \arXiv:0805.4576i 10.1016/j.jpaa.2009.11.005, 2009. 

Vladimir Voevodsky, Andrei Suslin, and Eric M. Friedlander. Cycles, transfers, and 
motivic homology theories, volume 143 of Annals of Mathematics Studies. Princeton 
University Press, Princeton, NJ, 2000. 

Charles A. Weibel. Patching the norm residue isomorphism theorem. 
www.math.uiuc.edu/K-theory/844, 2007. 



99 



